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This paper presents some limit theorems for certain function- 
als of moving averages of semimartingales plus noise which are ob- 
served at high frequency. Our method generalizes the pre-averaging 
approach (see [Bernoulli 15 (2009) 634-658, Stochastic Process. Appl. 
119 (2009) 2249-2276]) and provides consistent estimates for various 
characteristics of general semimartingales. Furthermore, we prove the 
associated multidimensional (stable) central limit theorems. As ex- 
pected, we find central limit theorems with a convergence rate n~ 1//4 , 
if n is the number of observations. 

1. Introduction. The last years have witnessed a considerable develop- 
ment of the statistics of processes observed at very high frequency due to 
the recent availability of such data. This is particularly the case for market 
prices of stocks, currencies and other financial instruments. Correlatively, 
the technology for the analysis of such data has grown rapidly. The emblem- 
atic problem is the question of how to estimate daily volatility for financial 
prices (in stochastic process terms, the quadratic variation of log prices). 

However, those high-frequency data are almost always corrupted by some 
noise. This may be recording or measurement errors, a situation which can 
be modeled by an additive white noise. For financial data we also have a 
different sort of "noise" due to the fact that prices are recorded as multiples 
of the basic currency unit so that some rounding is necessarily performed, 
and the level of rounding is far from being negligible for very high frequency 
data in comparison to the intrinsic variability of the underlying process. For 
these reasons, it is commonly acknowledged that the underlying process of 
interest, such as the price semimartingale, is latent rather than observed. 
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A large amount of work has already been devoted to the subject, especially 
for additive white noise, but also for some other types of noise like rounding 
effects. A comprehensive discussion of the noise models and the effect of noise 
on the inference for the underlying process may be found in [17]. Various 
statistical procedures for getting rid of the noise have been proposed (see, 
e.g., [1, 5, 9, 21, 22] and, more closely related to the present work, [7, 14, 
18, 19]). 

Most of the aforementioned papers are concerned with the estimation of 
the integrated volatility, that is, the quadratic variation, for a continuous 
semimartingale. Only Podolskij and Vetter [18, 19] deal with estimation of 
various volatility functionals and robustness to jumps in the discontinuous 
semimartingale setting with i.i.d. noise. So there is a lack of more general 
results, allowing, for example, one to estimate other powers of the volatility 
(like the "quarticity" ) or the sum of some powers of the jumps, for a general 
ltd semimartingale. These quantities have proved extremely useful for a 
number of estimation or testing problems in the context of high-frequency 
data, but they have been studied when the process is observed without noise. 
Recall that the typical statistical problems in the noise- free framework are (i) 
estimation of the quadratic variation (see [8, 13]), (ii) tests for the presence 
of jumps (see [4, 9]), (hi) tests for the presence of the continuous component 
(see [3, 10]) or (iv) estimation of the "activity index" of the jump part (see 
[2, 20]). 

The aim of this paper is to provide probabilistic tools to solve (some 
of) the aforementioned statistical problems in the presence of noise. Thus 
this is a rather probabilistic paper, but the interest and motivation of the 
forthcoming results lie essentially in potential applications; therefore, after 
the main results we give hints toward how to apply the results for concrete 
statistical questions, but not a full account of these applications (see, e.g., 
Remarks 4.2 and 4.5 or Theorem 4.6). 

Let us be more specific. We consider an ltd semimartingale A which is 
corrupted by noise. The observed process Z = (Z t )t>o is given as 

Z t = X t + X t, t>o, 

where (xt)t>o are errors which are, conditionally on the process X , centered 
and independent. The process Z is assumed to be observed at equidistant 
time points iA n , i = 0, 1, . . . , [t/A n ], with A n — > as n — > oo. This struc- 
ture of noise allows for an additive white noise but also for noise involving 
rounding effects since xt may depend on Xt, or even on the whole past of 
X before time t. It rules out, though, some other interesting types of noise, 
like an additive colored noise. Note, however, that the xt are not necessarily 
independent (the independence is only "conditional on A"). 

In the no-noise case (i.e., x = 0) an extensive theory has been developed 
in various papers which allows for estimating quantities like ^ s<i |AA s | p 
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where AX S denotes the jump size of X at time s, or f Q \a s \ p ds where a 
is the volatility. See, for instance, [6] or [13] among others. Typically, these 
quantities are estimated by sums of powers of the successive increments 
of X, that is, they are limits of such sums. When noise is present, these 
estimators are inadequate because they converge toward some characteristics 
of the noise rather than toward the characteristics of the process X in which 
we are interested. There are currently three main approaches to overcome 
this difficulty, mainly for the estimation of the quadratic variation in the 
continuous case: the subsampling method [21], the realized kernel method 
[7] and the pre-averaging method [14, 19] (see also [11] for a comprehensive 
theory in the parametric setting). All these approaches achieve the optimal 
rate of A^ 4 . In this paper we use the pre-averaging method to derive rather 
general estimators. 

More precisely, we choose a (smooth enough) weight function g on [0, 1] 
and an appropriate sequence k n with which we associate the (observed) 
variables, 

hn 1 

Z(9)i = 9ti/ k n)(Z(i+j)A n -<£(t+J-l)A„)> 

z(g)i = J2{g(j/ k n) - g((j - i)/k n )) 2 (z {i+j)An - z {i+j ^ 1)An ) 2 . 

Our aim is to study the asymptotic behavior of the following functionals: 

[t/A n ]-k„ 

V(Z,g,p,r)? = £ \Z(g)?nZ(g)W 

i=0 

for suitable powers p, r > 0. The local smoothing performed by the quantity 
Z(g)™ is somewhat related to the idea proposed in [22] for the estimation of 
a certain conditional variance. Its role is the reduction of the influence of the 
noise process x whereas Z(g)f is used for bias corrections. The asymptotic 
theory for the functionals V(Z, g, p, 0)" in the absence of jumps is (partially) 
derived in [14] and [18], but here we extend these results to the case of general 
semimartingales . 

Quite naturally, the asymptotic behavior of V(Z, g,p, r)" is different ac- 
cording to whether the process X is continuous or not. In particular, dif- 
ferent scaling is required to obtain nontrivial limits for V(Z,g,p,r)^ . More 

precisely, we show the following ( — > means convergence in probability, and 
1 — means convergence in probability uniformly over all finite time inter- 
vals) : 
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(i) For all semimartingales X it holds that ■j—V{Z,g,p,Q)^ — > g(p) x 

J2 s < t I AX,|P for p > 2 and ±V(Z, g, 2, 0)? - (Z, g, 0, 1)? A p(2) [X, X] t 
where the <?(p)'s are known constants (which depend on <?), and [X, X] is 
the quadratic variation of X. 

When A" is a continuous Ito semimartingale it holds that A„ P ^V(Z, 
g,p,0)™ — § m p Jq |%(2)ct^ + ^-g^-o^ | P//2 (is where m p , 8 are certain constants, 
(<7 2 ) is the volatility process and {a 2 s ) is the local conditional variance of the 
noise process X- Furthermore, a proper linear combination of V(Z,g,p,r)™ 
for integers p, r with p + 2r = I converges in probability to f \a s \ l ds when I 
is an even integer. 

For each of the aforementioned cases we prove a joint stable central limit 
theorem for a given family of weight functions (ft)i<i<d [for the first func- 
tional in (i) we additionally have to assume that p > 3]. The corresponding 

convergence rate is A^ 4 . 

We end this introduction by emphasizing that only the one-dimensional 
case for X is studied here. The extension to multi-dimensional semimartin- 
gales is possible, and even mathematically rather straightforward, but ex- 
tremely cumbersome. 

This paper is organized as follows: in Section 2 we introduce the setting 
and the assumptions. Sections 3 and 4 are devoted to stating the results, first 
the various convergences in probability and second the associated central 
limit theorems. The proofs are gathered in Section 5. 

2. The setting. We have a one-dimensional underlying process X = (Xt)t>o, 
and observation times iA n for alH = 0, 1, . . . , k, . . . with A n — > 0. We suppose 
that X is a semimartingale which can thus be written as 

(2.1) X = X + B + X c + (xl {N < 1} ) * (ji - v) + (zl {N>1} ) * n. 

Here ji is the jump measure of X with v its predictable compensator; X° 
is the continuous (local) martingale part of X, and B is the drift. All these 

are defined on some filtered probability space (O^, , (^f jt^o,!"' ')' 
We use here the usual notation of stochastic calculus, and for any unex- 
plained (but standard) notation we refer to [16]; for example ip * (fx — v\ = 
Jo Jr ^( s ' x ){^ ~ v)(ds,dx) is the stochastic integral of the predictable func- 
tion if;(uj,t,x) with respect to the martingale measure fi — v, when it exists. 

The process X is observed with an error; that is, at stage n, and instead 
of the values Xf = ljA„ for i > 0, we observe X™ + x2 where the xT s are 
"errors" which are, conditionally on the process X , centered and indepen- 
dent (this allows for errors which are depending on X and thus may be 
unconditionally dependent). It is convenient to define the noise xt for any 
time t, although at stage n only the values XiA n are really used. 
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Mathematically speaking, this can be formalized as such: for each t > 0, 
we have a transition probability Qt(uj(°\dz) from (f^ ), ) into R. We 
endow the space 

= r[0,oo) with the p roc iuct Borel cr-field and the 
"canonical process" (xt -t>0) and with the probability Q(o/°), du>^) which 
is the product ®t>o Qt ( w j ')• We introduce the filtered probability space 
(J7, J 7 , (J r t)t>o,P) and the filtration (ft) as follows: 

(2.2) J- t = ^ (0) ®a(x s :sG [0,t)), ft = ® a( Xs : a G [0, t)), 
P(do/°) , dwW ) = P(°) (dujW )Q(o,(o) , d^W ) . 

Any variable or process which is defined on either f^ ) or can be con- 
sidered in the usual way as a variable or a process on Q. Note that X is still 
a semimartingale with the same decomposition (2.1) on (0, J 7 , (J r t)t>o,P) 
despite the fact that the filtration (J-j) is not right-continuous. On the other 
hand, the "process" x typically has no measurable property in time since 
under Q(u/°), •) it is constituted of independent variables; as mentioned be- 
fore, only the values of x a t the observation times are relevant, and the 
extension as a process indexed by M+ is for notational convenience only. 
At time t, instead of Xt, we observe the variable 

(2.3) Z t = X t + X t- 

We make the following crucial assumption on the noise, for some q>2: 

Hypothesis (N-q). There is a sequence of (J 7 ^)- stopping times (T n ) 
increasing to oo, such that J Qt(u>(°\ dz)\z\ q < n whenever t < T n (a/ )). We 
write for any integer r < q, 

(2.4) P(r)t(u {0) ) = J Qt(u {0) ,dz)z r , a t = 

and we also assume that 

(2.5) 0(1) =0. 

In most applications, the local boundedness of the qth moment of the 
noise, even for all q > 0, is not a serious restriction. Condition (2.5), on the 
other hand, is a quite serious restriction (see [14] for a discussion of the 
implications of this assumption, and below are some examples). 

Example 2.1. The structure of the noise allows for an additive white 
noise [all Qt(uj^°\ •) are equal to a fixed probability measure, independent of 
(w (0) ,t), with mean 0]. It also allows for some sort of rounding which means 
that the observed process Zt takes its values in aL where a > is the round- 
ing level; for example if the £j are i.i.d. uniform on [0, a] and independent 
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of J 7 ^ (hence of X) and Zt = a[{Xt + £t)/a] (here [x] denotes the integer 
part of the real x), we have Qt(-,dx) = (X t /a — [Xt/a\)e a [x t / a ]+i-x t (dx) + 
(1 — Xt/a+ [Xt/ a\)e a yx t / a ]-x t {dx) which satisfies Hypothesis (N-q) for all 
q (here e denotes the Dirac measure). Many other specifications of rounding 
errors are possible, obviously. 

However, it unfortunately does not allow for "pure rounding," that is, 
Zt = a[X t /a\; although in this case we have the structure (2.2), the property 

(2.5) is violated. In this case, there is no way of estimating the integrated 
volatility in a consistent way because this quantity is not even a function of 
the path t >— > Zt in the "completely observed" case. 

We choose a sequence of integers k n satisfying for some 6 > 0, 

(2.6) k n ^/A^ = 9 + o(A^/ 4 ); we write u n = k n A n . 
We will also consider weight functions g on [0, 1] , satisfying 

g is continuous, piecewise C 1 with a piecewise Lipschitz derivative g' , 

(2 ' 7) S(0) = 5 (1) = 0, / g(s) 2 ds>0. 



It is convenient to extend such a g to the whole of K by setting g(s) = if 
s $l [0, 1] . We associate with g the following numbers [where p G (0, oo) and 
i€Z]: 

gf = g(i/k n ), g? = g?-gti, 

fry q\ fori &n 

[ j g{p)n = Y,\£\ P i 9(p)n = Y,\9T\ P - 

i=l i=l 

If g, h are bounded functions with support in [0, 1], and p > and t G K, we 
set 

(2.9) g(p) = j \g(s)\Pds, Jgh)(t) = j g(s)h(s - t) ds. 

For example, ~g'(p) is associated with g' by the first definition above, and 
~g(2) = (gg)(0). Note that, as n— > oo, 

(2.10) g(p) n = k n g(p) + 0(1), g'(p) n = fc^VCp) + 0(fe" p ). 

With any process Y = (lf)t>o we associate the following random variables: 
Y? = Y lAn , AfY = Y lAn - Y (i _ 1)An , 

(2.11J j=i j=i 

Y{g)l = Y,{9T^ Y ?' 

3=1 
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and we define the <7-fields Tf = FiA n and Qf = GiA n ■ 

Now we can define the processes of interest for this paper. Below, p and 
r are nonnegative reals, and typically the process Y will be X or Z. 

[t/A n ]-k n 

(2.12) V(Y,g,p,r)?= £ \?(gW\Y(g)?\ r - 

i=0 



Remark 2.2. The process V(Z,g,p, 0)" is the realized p-variation of 
moving averages of the observations over a window of size u n = k n A n 
and is designed to wipe out the influence of the noise. The influence of the 
noise after using this procedure is of order of magnitude 1 /v&n because the 
averaging uses k n observations. On the other hand when there is no noise 
but we still take moving averages, the rate of convergence of our functionals 
are typically y/u^ because at time t the summands (the number of which 
is about t/ A n ) are strongly dependent; if we want enough independence to 
obtain a CLT we basically have to consider nonoverlapping intervals whose 
number is about t/u n . 

The "overall" rate of convergence is of order -4= V ^/u^ ; this explains the 



choice (2.6) for k n which amounts to optimizing the rate. Of course, doing 
so does not completely wipe out the noise which then comes as a bias; this 
is why we need the complicated processes V(Z,g,p, r)j? in order to remove 
this bias (see Remark 2.3 below). 

Finally we state our assumptions on X. One of these is that X is an ltd 
semimartingale. This means that its characteristics are absolutely continu- 
ous with respect to Lebesgue measure, or equivalently that it can be written 

as 

X t = X + [ b s ds+ [ a s dW s 

(2.13) J ° J ° 

+ ( 61 {\s\<i}) * ([±-K)t + (£l{|«|>i}) 

where W is a Brownian motion and [i and y_ are a Poisson random mea- 
sure on R + x E, and its compensator u(dt,dz) = dt X(dz) [where (E,£) 
is an auxiliary space and A a u-finite measure]. The required regularity and 
boundedness conditions on the coefficients b, a, 5 are gathered in the follow- 
ing: 

Hypothesis (H). The process X has the form (2.13) [on 7<°), 
pr(°)) ; p(0))y ; and: 

(a) the process (pt) is optional and locally bounded; 
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(b) the processes (at) is cddldg (= right- continuous with left limits) and 
adapted; 

(c) the function 5 is predictable, and there is a bounded function 7 in 
h 2 (E,£,A) such that the process sup 2g£ ;(|<5(u/ ) , t, z)\ A l)/^f(z) is locally 
bounded. 



In particular, a continuous ltd semimartingale is of the form 

(2.14) X t = X + [ b s ds+ [ a s dW s , 

Jo Jo 

where the processes b and a are optional [relative to (J 7 ^)] and such that 
the integrals above make sense. When this is the case, we sometimes need 
the process a itself to be an Ito semimartingale; it can then be written as 
in (2.13), but another way of expressing this property is as follows [we are 
again on the space (0(°),^(°),(J< 0) ),P( ))] : 

(2.15) a t = a + [ b s ds+ [ a s dW s + M t + V Ao-,l { | Ao .,| >t)}j 

Jo Jo s < t 

where M is a local martingale orthogonal to W and with bounded ^jumps 
and (M,M)t = J a s ds, and the compensator of Yl s <t ^{\Aa s \>v} 1S Jo a W s > 
and where bt, at, a' t and at are optional processes; the first three being locally 
integrable and the fourth being locally square-integrable. Then we set the 
following: 

Hypothesis (K). We have (2.14) an d (2-15), and the processes b t , a t , 
a't are locally bounded whereas the processes bt and at are left- continuous 
with right limits. 

Remark 2.3. (i) The intuition behind the quantities Z(g)f and Z(g)f 
can be explained as follows. Assume for simplicity that X is the continuous 
Ito semimartingale (2.14) and the noise process x is independent of X. Now, 
conditionally on J-J 1 , it holds that 

when the processes a and a are continuous on the interval (iA n , (i + k n )A n ] . 
On the other hand, we have that 

when the process a is continuous on the interval (iA n , (i + k n )A n ] (this 
approximation holds even for all semimartingales X). It is now intuitively 
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clear that a certain combination of the quantities Z(g)f and Z(g)f can be 
used to estimate some functions of <TiA n (which is usually the main object 
of interest). In particular, a proper linear combination of V(Y,g,p — 21,1)™, 
1 = 0,... ,p/2, for an even number p, converges in probability to J Q \a s \ p ds. 
This intuition is formalized in Theorems 3.3 and 3.4. 

(ii) In the continuous case the quantities Z{g)™ and Z(g)™ are asymp- 
totically & n -dependent, that is, Z(g)f [resp., Z(g)f] is asymptotically (con- 
ditionally) independent of Z(g)™ [resp., Z{g) r -\ when \i — j\ > k n . Thus we 
will apply a classical block splitting technique for m-dependent variables to 
derive the central limit theorem for V(Y, g,p,r)f when X is continuous (see 
Section 5.10). 



3. Results: The laws of large numbers. 



3.1. LLN for all semimartingales. We consider here an LLN which holds 
for all semimartingales, and we start with the version without noise, that is, 
Z = X . For the sake of comparison, we recall the following classical result: 



(3.1) Yl \^X\ p - 

i=l 



s<t 

[X,X] t , ifp = 2. 

Below, and throughout the paper, g always denotes a weight function satis- 
fying (2.7). 



Theorem 3.1. For any t>0 which is not a fixed time of discontinuity 
of X, we have 

(3.2) V (X,g,p,0)?^\ % 

(g(2)[X,X] t , ifp = 2, 

as soon as k n —> oo and u n = k n A n — > [that is, we do not need (2.6) here]. 

This convergence also holds for any t such that tj A n is an integer for all n, 
if this happens, but it never holds in the Skorokhod sense, except of course 
when X is continuous. Taking in (2.12) test functions of the form f{x) = \x\ p 

is essential here: the convergence of Ylt=o^ k " f(X(g)Y) for more general 
/ is so far an open question. 

Next we have the version with noise, again for an arbitrary semimartingale 
X. In the previous theorem nothing is said about V{X, g,p,r)f when r > 1 
which are of little interest. However, when noise is present, we need those 
processes to remove an intrinsic bias, and so we provide their behavior, or 
at least some (rough) estimates on them. 
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Theorem 3.2. (a) For any t>0 which is not a fixed time of disconti- 
nuity of X we have 

(3.3) p > 2 and (N-p) holds -r-V{Z, g,p, 0)? A g(p) ^ | AX S \ P . 

Moreover, if r > and p + 2r > 2 and if [N-(p + 2r) / holds, then 

(3.4) the sequence (kn ^ +4r ^ p+2T ^y(Z, r)") is tight. 
(b) Under (N-2) we have for all t as above, 

(3.5) -J- V (Z, <?, 2, 0)? - ^ (Z, <?, 0, 1)^ A g(2) [X, X] t . 

It is worth emphasizing that the behaviors of V(Z, g, p, 0) n and V(X, g,p, 0) r 
are basically the same when p > 2, at least for the convergence in probability 
because the jumps dominate in these processes both the "continuous mar- 
tingale part" and the noise, and, in particular, by using the pre-aver aging 
procedure, we wipe out the noise completely in this case. On the opposite, 
when p = 2 the two processes V(Z, g, 2, 0) n and V(X, g, 2, 0) n behave differ- 
ently, even at the level of convergence in probability. 

3.2. LLN for continuous ltd semimartingales — 1. When X is continu- 
ous, Theorem 3.2 gives a vanishing limit when p > 2, so it is natural in this 
case to look for a normalization which provides a nontrivial limit. Exactly as 
when there is no noise (see [13]) this is possible only when X is a continuous 
Ito semimartingale of the form (2.14). 

Theorem 3.3. Assume Hypothesis (N-q) for some q > 2 and that X is 
given by (2.14)- Assume also that b is locally bounded and that a and a are 
cadlag. Then if <p<q/2 we have 



9g{2V s + 9 -^a\ 



p/2 

ds. 



(3.6) A n -^V(Z,g,p,0)? u ^m p [ 

Jo 

where m p denotes the pth absolute moment of Af (0,1). 

This result should be compared to the fact that, under the same assump- 
tions on X, the processes p ^ 2 Ylf= f n ^ \^™X\ P converge to the limiting 
process m p J \a s \ p ds. 

This theorem is not really satisfactory; unlike Theorem 3.2(a), the limit 
depends on the noise, through a s , and further, we do not know how to 
prove a CLT associated to it because of the intrinsic bias due to the noise 
(see Remark 2.3). However, at least when p is an even integer (the most 
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interesting case in practice), we have a useful substitute. That is, by an 
application of the binomial formula and the estimation of the terms that 
involve the process a s , we obtain (up to a constant factor) the process 
J \a s \ p ds in the limit. 

For any even integer p > 2 we introduce the numbers p p j for / = 0, . . . ,p/2 
which are the solutions of the following triangular system of linear equations 
(Cq = p \(qL p y denote the binomial coefficients): 

Pp,0 = 1) 

^2'm 2i _ 2i C^- 2 % )Z = 0, j = l,2,...,p/2. ' 

1=0 

These could, of course, be explicitly computed, and, for example, we have 

(3.8) p Pi \ = —\C p , p P) 2 = f C p , P P ,3 = -^Cp. 
Then for any process Y and for p > 2 an even integer we set 

p/2 

(3.9) V(Y, g, p)? = P P ,lV(Y, 9,P~2l, Z)?. 

1=0 



Theorem 3.4. (a) Let X be an arbitrary semimartingale, and assume 
(N-p) for some even integer p>2. Then for all t>0 we have 

1- F f^)El AX *| P < *fP^ 4 > 



(3.10) - V (Z,g,p)? 



s<t 



g(2)[X,X] t , ifp = 2. 

(b) Let X satisfy (2.14), and assume (N-2p) for some even integer p> 2. 
Assume also that b is locally bounded and that a and a are cddldg. Then we 
have 

(3.11) Al- p/4 V(Z,g,p)? u ^ m p (9g(2)) p/2 f W ds. 

Jo 

The first part of (3.10) is an obvious consequence of (a) of Theorem 3.2 
whereas the second part of (3.10) is nothing other than (3.5) because pi\ = 
-1/2. 

3.3. LLN for continuous ltd semimartingales — 2. Statistical applications 
require "estimators" for the conditional variance which will appear in the 
CLTs associated with some of the previous LLNs. In other words, we need 
to provide some other laws of large numbers, which a priori seem artificial 
but are motivated by potential applications. 
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To this end we need auxiliary processes to be used also for the CLTs 
below. Let W 1 and W 2 be two independent Brownian motions on another 
auxiliary filtered probability space (O', T' , (Jj)t>o,P'). With any function g 
satisfying (2.7), and extended as before on E by setting it to be outside 
[0, 1], we define the following Wiener integral processes: 

(3.12) L(g) t = J g{s - t) dW^ L'(g) t = j g'(s - t) dW 2 . 

If h is another function satisfying (2.7), we define L(h) and L'(h) likewise, 
with the same W 1 and W 2 . The four-dimensional process U := (L(g), V (g), L(h), 
L'{h)) is continuous in time, centered, Gaussian and stationary. Clearly 
(L(g), L(h)) is independent of (L' (g) , V (h)) , and the variables Ut and Ut+ S 
are independent if s > 1. 

The process L(g) comes in naturally as the limit of W{g)™ [that is, 
X(g) when X = W]; indeed, we will see that L{g)t is the limit in law of 
~^krW(9)™ I \ / t y an d we need the whole process L(g) t to account for the de- 
pendency of the variables W(g)f when i varies. In the same way, ^nX(5')[A n /t] 
converges in law to 2(at) 2 L'(g)t (see the "key Lemma" 5.1 below). 

Some further notation is needed. We set 

m p (g; r), () = E'(( V L(g) + (L'(g) ) p ), 
(3 13) m P^9,h;ri,C) 

r2 E'faUg)! + CL'{jg)i) p (vL(h)t + (L'(h) t ) q ) dt. 

These could of course be expressed by the mean of expectations with respect 
to the joint law of U above and, considered as functions of (?7,C)> they are 
C°°. In particular, since L(g)o and L'(g)o are independent centered Gaussian 
variables with respective variances <j(2) and g'(2), when p in an integer we 
have 

Y,c 2 p v (v 2 mnc 2 gmr/ 2 - v m 2V 7 

v=Q 

if p is even, 
,0, if p is odd. 

Next, recalling (3.7), we set for p > 2 an even integer: 



(3.14) rripig^X) 



,m 



p—2v i 



p/2 



»7, C) = V P P ,r(2C 2 5 / (2)) r m p _2r(5; V, 



r=Q 



(3.15) 



p/2 



M&M,C)= E P P ,rP P y(2( 2 g'(2)Y(2( 2 h l (2)Y' 



r,r'=0 



x m p -2r, P -2r'(g,h;riX), 
~P>2 P {9, h; rj, () = fi 2p {g, h; rj, () - 2fi p (g; r), ()(i p (h; rj, (). j 
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The following lemma will be useful in the sequel: 



Lemma 3.5. We have 
(3.16) fi p (g- }V ,()=m P V P g(2r /2 - 

Moreover if gi is a finite family of functions satisfying (2.7), for any (77, £) 
the matrix with entries ~p2p(9i,9j', r ]iC) i> s symmetric nonnegative. 



Finally, we associate with any process Y and any even integer p the func- 
tional 

M(Y,g,h;p)f 

p/2 [t/A n ]-3kn 

= £ P P ,rP P ,r> £ (Y(gW(Y(hW' 

r,r'=0 i=0 

(3.17) 

\n9)? +k j- 2r r Y,\nh)7 +3 r 2r ' 

n 3=1 

-2\Y{g)^r^Y{h)^ k J- 2 ^ 

Then our last LLN is as follows: 



Theorem 3.6. Let X satisfy (2.14), and let p > 2 be an even integer. 
Assume (N-2p), that b is locally bounded and that a and a are cadlag. Then 
if P< q/2 and if g and h are two functions satisfying (2.7), we have 

(3.18) A^/ 2 M(Z, g, h;p)? ^ Q^ 2 f ' JI 2p (g, h; da s ,a s ) ds. 

Jo 



The reader will observe that the limit in (3.18) is symmetrical in g and 
h, although M(Y,g,h;p)f is not. The motivation for this result is that it 
provides consistent estimators for the conditional variance to be encoun- 
tered in the CLT below (see Remark 4.2). Indeed, as the summands of the 
V(Y, g,p, r)2 are asymptotically fe n -dependent in the continuous case (see 
Remark 2.3), the statistic Al~ p/2 M(Z,g,h;p) r t l is, up to a multiplicative 
constant, an empirical analogue of the asymptotic conditional covariance 
between V(Z,g,p)$ and V{Z,h,p)%. 
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4. Results: The central limit theorems. 

4.1. CLT for continuous ltd semimartingales. As mentioned before, we 
do not know whether a CLT associated with the convergence (3.6) exists. 
But there is one associated with (3.11) when p is an even integer. Below we 
give a joint CLT for several weight functions g at the same time. We use the 
notation 

(4.1) V(g,p)? = -Lj (a^/ 4 F(Z, 9 , P )? - m p (6g(2))^ jT {a^ds 

In view of Lemma 3.5, the square-root matrix ip referred to below exists, 
and by a standard selection theorem one can find a measurable version for 
it. For the stable convergence in law used below, we refer, for example, to 
[16]. 

Theorem 4.1. Assume Hypothesis (K) and (N-Ap), where p is an even 
integer, and also that the processes a and (3(3) are cadlag. If {gi)\<i<d is a 

family of functions satisfying (2.7), for each t>0 the variables (V(gi,p)2)i<i<d 
converge stably in law to the d-dimensional variable, 




where B is a d-dimensional Brownian motion independent of J- (and defined 
on an extension of the space), and ip is a measurable d x d matrix-valued 
function such that (ipip*)(rj,C) is the matrix with entries ~p2p{9ii9j'iVX)> as 
defined by (3.15). 

Up to the multiplicative constant 9 1 ~ p / 2 , the ^-conditional covariance of 
the jth and kth components of (4.2) is exactly the right-hand side of (3.18) 
for g = gj and h = g k . 

Remark 4.2. An application of Theorem 3.6 and the properties of sta- 
ble convergence give now a a feasible version of Theorem 4.1. We obtain, for 
example, that the quantity 

v(g,p)t 

v / e i- P /2 A l- P /2 M(Z)5;5 . p) n 

converges stably in law (for any fixed t) to a variable U ~AA(0, 1) indepen- 
dent of T . The latter can be used to construct confidence regions for the 
quantity J" * \a s \ p ds for even p's. 
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Remark 4.3. Theorem 4.1 can be extended to the convergence along 
finite families of times, but we do not know whether afunctional convergence 
holds, although it is quite likely. 

4.2. CLT for discontinuous ltd semimartingales. Now we turn to the 
case when X jumps. There is a CLT for Theorem 3.2, at least when p = 2 and 
p > 3, exactly as in [13] for the processes of type (3.1). The CLT for Theorem 
3.4, when p is an even integer, takes the same form. In this subsection we 
are interested in the case p > 3, whereas the case p = 2 is dealt with in the 
next subsection. 

In view of statistical applications (see Remark 4.5 below), and as in the 
previous subsection, we need to consider a family {gi)\<i<d of weight func- 
tions. We use the notation 



These are the processes whose asymptotic behavior is studied, but to 
describe the limit we need some rather cumbersome notation which involves 
the d weight functions, gj satisfying (2.7). For any real x and any p > we 
write {x} p = \x\ p sign(x), and we introduce four d x d symmetric matrices 
^ p ~, ^ P +, and with entries: 



(4.3) 




and, further, when p > 4 is an even integer 



(4.4) 




(4.5) 
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These matrices are semi-definite positive, and we can thus consider four in- 
dependent sequences of i.i.d. d-dimensional variables (U m -) m >i, (U m+ ) m >i, 
(U m -)m>i and (U m+ ) m >i, defined on an extension of the space, indepen- 
dent of T, and such that for each m the c?-dimensional variables U m - , U m + , 
U m - and U m + are centered Gaussian vectors with respective covariances 
VEp- and ^4-. Note that these variables also depend on p and on 
the family (gj), although it does not show in the notation. 

Now let (T m ) m >i be a sequence of stopping times with pairwise disjoint 
graphs, such that AXt ^ implies that t = T m for some m. As is well known 
(see [13]), the following <i-dimensional processes are well defined when p > 3 
and a is cadlag, and are .F-conditional martingales: 



Moreover, although these processes obviously depend on the choice of the 
times T m , their ^-conditional laws do not; so if the stable convergence in 
law below holds for a particular "version" of U(p)t, it also holds for all other 
versions. 

Theorem 4.4. Assume Hypothesis (H) and letp>3. Assume also (N- 
2p) and that the process a is cadlag. If (<?i)i<j<<z is a family of functions 
satisfying (2.7), for each t > the variables (y*{gi,p)t)i<i<d converge stably 
in law to the d-dimensional variable U{p)t- 

The same holds for the sequence iy*{gi,p)t)i<i<d if further p is an even 
integer. 

Remark 4.5. In the spirit of [4], we can use this result to test for the 
presence of jumps in the presence of noise. We choose two distinct one- 
dimensional weight functions g and h. It follows from Theorem 3.4 that, 
taking, for example, p = 4, 



V{Z-,gA)t p / g(2) 2 //i(2) 2 , on the set where X is continuous on [0,t], 



We can choose g and h such that the two limits above are different. Then 
Theorems 4.1 and 4.4 provide central limit theorems for the statistics 
V(Z, g,4)f /V(Z, /i,4)f in both occurrences, allowing for feasible testing of 
the two hypotheses. For instance, when X is continuous, we deduce that the 
sequence 




(4.6) 





on the set where X has jumps on [0,t]. 
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converges stably in law toward a mixed normal random variable with J 7 ^ ' 
conditional variance, 




x {^8(9i,9j]VX))l<i<2,l<j<2[ 1, — = 




where the (2 x 2)-matrix (jl s (gi,gj;r), C))i<i<2,i<j<2 is defined by (3.15) and 
gi = g> g2 = h. Since we are able to consistently estimate the above quantity 
by virtue of Theorems 3.4 and 3.6, we can immediately obtain a feasible test 
for the null hypothesis of no jumps. 

4.3. CLT for the quadratic variation. Finally we give a CLT for the 
quadratic variation associated with (3.5) when p = 2 or, equivalently, with 
(3.10) which is exactly the same in this case. In contrast to the preceding 
results the function g is kept fixed; thus we will only show a one-dimensional 
result. So the processes of interest are simply 



In order to describe the limit, we introduce an extension of the space on 
which are defined a Brownian motion B and variables U m - , J7 m _ , U m+ , U m + 
indexed by m > 1; each of these being independent from the others and 
independent of J 7 , and such that the variables U m -, U m+ , U m -, U m+ are 

centered Gaussian variables with respective variances ^2-^ ^2+1 ^2- an d 

^2+) as defined in (4.5). 

As in the previous section, (T m ) m >i is a sequence of stopping times with 
pairwise disjoint graphs, such that AXt 7^ implies that t = T m for some 
m. Then we associate with these data the process U(2) as defined by (4.6). 
The result goes as follows: 

Theorem 4.6. Assume Hypothesis (H). Assume also (N-A) and that the 
process a is cadlag. Then for each t the variables converge stably in law 
to the variable 



(4.7) 





Jo 

where ~p4(g, g;i],() ^ defined by (3.15) which here takes the form 



(4.9) 




+ C 2 / g'( u )g'( u — s ) du ) ds. 
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When further X is continuous, the processes V n converge stably (in the 
functional sense) to the process (4-8) with U(2) = in this case. 

When X is continuous, we exactly recover Theorem 4.1 when d= 1 and 
gi = g, for p = 2. Note that we do not need Hypothesis (K) here because 
of the special feature of the case p = 2. When X has jumps, however, the 
functional convergence does not hold. 

Example 4.7. Notice that the limiting variable Ut is mixed normal 
with J^ ) -conditional variance, 



e 1 / V4(g,g;do- s ,a s )ds 

Jo 

+ 4 \^x Tm | 2 (e<4 m _* 2 - + 



m>l 



(1, 



2 

n Girp 

_2 ,T, , ±rr. 



+ ^ m * 2+ + -ia* 2+ jl {Tm < ty . 

For the sake of demonstration let us consider the weight function g(x) 
min(x, 1 — x)l{o< z <i}. In this case we obtain 



and 



^2+ *2- 80640' * 2 + * 2 - 96 



Ma, 9; v, = 4(^0^ + l^c 2 + |c 4 ) 



5. The proofs. It is difficult to describe the scheme of the proofs in a 
few words, since they are quite technical. However, we can state the basic 
ideas: 

• For the case p > 2 of Theorem 3.1 and Theorems 3.2 and 4.4, the "big" 
jumps play the leading role, and so the results are proved first when all 
jumps are bigger than some e > (hence there are finitely many of them); 
we thus examine what happens around each jump, and show that the rest 
is negligible. 

• For the continuous case, we use the approximations 

(5.1) Z(g)? « a lAn W(g)? + x(g)?, Z(g)f « 2g> (2)a* A Jk n . 

Since the approximating quantities in (5.1) are asymptotically /c n -dependent 
we apply the block splitting technique to prove Theorem 4.1. Precisely, 
we split the sum over i in the definition of V(Z,g,p)2 into big blocks of 
size mk n which are separated by small blocks of size k n . The big blocks 
become asymptotically conditionally independent, and the small blocks 
become negligible as m — > 00. In a second step we prove a CLT for big 
blocks, for any fixed m. 
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• For the quadratic variation (case p = 2 of Theorem 3.1 and Theorem 4.6) 
the proof is a sort of mixture of the two approaches. 

In the whole proof K denotes a constant which may change from line to 
line. It may depend on the characteristics of the process X and the law of 
the noise % on 6 and the two sequences, (k n ) n >i and (A n ) n >i, but neither 
on n itself, nor on the index i of the increments A™X or A"Z. If it depends 
on an additional parameter q; we write it K q . 

For the proof of all the results we can use a localization procedure, de- 
scribed in detail in [13], for instance, and which allows us to systematically 
replace the Hypotheses (N-q), (H) or (K), according to the case, by the 
following strengthened versions: 

Hypothesis (SN-g). We have Hypothesis (N-q), and further f Q t (oj(°\ 
dz)\z\*<K. 

Hypothesis (SH). We have Hypothesis (H), and the processes bt, at, 
SU P^6-E l<5(A z )\/l{ z ) and X are bounded. 

Hypothesis (SK). We have Hypothesis (K), and the processes bt, at, 
bt, at, a' t , at and X are bounded. 

Observe that under Hypothesis (SK), and upon taking v large enough in 
(2.15) (changing v changes the coefficients bt and at without altering their 
boundedness), we can also suppose that the last term in (2.15) vanishes 
identically; that is, 

(5.2) a t = a + [ b s ds+ [ a s dW s + M t . 

Jo Jo 

Recall that |(^ n | < K/k n . Then the fact that conditionally on J 7 ^ the Xt s 
are independent and centered, plus Holder's inequality, gives us that under 
Hypothesis (SN-q) we have [the cr-fields J-J 1 and have been defined after 
(2.11)] 

(5 .3) P<Q => n\x(g) T l\ p \G?)<K p k- pi 



2r<q => E{\x{g)?\ r \G?)<K r k-' 
We will also often use the following property, valid for all semimartingales 



Y: 

riA n +U 



Y(g)f= g n (s-iA n )dY s 

(5.4) 



hn 1 

where g n (s) = ^ 9™l((j-i)A„ jA„] («)• 
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5.1. Proof of Theorem 3.1. We start with an arbitrary semimartingale 
X, written as (2.1). We more or less follow the scheme of the proof of Theo- 
rem 2.2 of [13], and we use the simplifying notation V(Y,p) n = V(Y,g,p,0) n 
and Yf = Y(g)^. The basic idea follows: for e £ (0, 1], we set 

X(e) = (xl {N>£} ) M(e) = {xl { \ x \< e} ) * - u), 

(5.5) A(e) = (M(e),M(e)}, B(e) = B - (xl{ e<w <i } ) *u, 
A'(e) = (x 2 ln x \< e j) *v, B'{e) = variation process of B(e) 

so that we have 

(5.6) X = X + B(e)+X c + M(e) + X(e). 

Then we basically show that -^-V (B (e) , p) n and -£-V (M (e) , p) n are "negli- 
gible" when n — > oo and e— > 0, as well as -^-V(X c ,p) n when p > 2 whereas 

±V(X(e), P r_ converges to g(p) £ s < t |AA>l {|AX .| >e} and ^(X c ,2)" 
converges to g(2)C where C = (A" c , A" c ). 

S'tep 1. Let be the variation process of i?. The process B' + C + (x 2 A 
1) -kv is predictable, increasing finite-valued and hence locally bounded. By 
an obvious localization procedure it is enough to prove the result under the 
assumption that, for some constant K, 

(5.7) B'^ + Coo + (x 2 A 1) * Voo < K. 

We also denote by T n (e) the successive jump times of X(e) with the 
convention Tq{e) = (which of course is not a jump time). If0<e<r/<1, 
we have 

A(e)<A'(s), AB'(e)<e, \AM(e)\<2e, 

(5 - 8) B'(e)<B' + -A\r ] ) + -(x 2 A 1 W 

e 7] 

We set 6{Y, u, t) = sup s < r < s+UjJ .< t \Y r -Y s \. Observe that Yf = - Ej=MU + 
l)An) — d{j /kn))(Y(i + j}A n — Yi& n ). Hence, since the derivative g' is bounded, 
we obtain 

(5.9) i < [t/A n ] - k n + 1 \Y?\<K9(Y,u n ,t). 

Step 2. Here we study B(e). (5.9) and 9(B(e),u,t) < 6{B'(e),u,t) yield 
for p > 1 

V(B(e),p)? < KKB'ie^eiB'ie),^,^ 1 . 

Since AB'(e) < e we have limsup n _ Sl00 0{B'{e), u n , t) < e, so by (5.7) and 

(5.8) we have limsup n ±V(B'(e),p)2 < Ke v ~ x {\ + for all < e < 
rj < 1. Since A 1 (rf)t — > as r/ — ?• 0, we deduce (choose first r/ small, then e 
smaller) that for p>2, 

(5.10) limlimsup-^F(S(e),p)^ =0. 
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Step 3. In this step, we consider a square-integrable martingale Y such 
that D = (Y,Y) is bounded. By (5.4), 

/ g n (s- iA n ) 2 dD s < KE(D iAn+Un - D iAn ). 

JiA n J 

On the other hand, E(Y™Y™ +J ) = whenever j > k n . Therefore, 

[t/A n ]-kn 

(5.11) E((V(Y,2)?) 2 )<k n J2 H(Y?) 2 )<Kk 2 n E(D t ). 

i=0 

We first apply this with Y = M(e), hence D = A(e). In view of (5.11) and 
since A'(e)t — > as e — > and A'{e) t < K, we deduce 

l i 55T E ((^ F(M(E) ' 2)? ) 2 ) =a 

Since by (5.9) we have V(M(e),p)? < KV(M(e), 2)?0(M(e), u n , t) p " 2 when 
p>2, and since limsup n 9(M(e), u n , t) < 2e, we get for p > 2, 

(5.12) p>2,r?>0 =► limlimsupPf — V(M(e),p)? > rj) =0. 

Next, (5.11) with V = X c yields that the sequence -^V(X C , 2)2 is bounded 
in L 2 . Using exactly the same argument as above, where now 6(X c ,u n ,t) — > 
0, yields 

(5.13) p>2,r/>0 limlimsupPf — V(X c ,p)?>r)\ =0. 

Step 4. In this step we study V(X(e),p)f. We fix t > such that P(AI ( / 
0) = 0. For any m > 1 we set 

I(m,n,e) = M(i:iA n > T m (e)). 

Let fi n (i,e) be the set on which two successive jumps of X(e) in [0,t] are 
more than u n apart, and also [0,u n ) and [t — u n ,t] contain no jump. Then 
u n — > and ¥(AXt ^ 0) = yield Q n (t,e) — > a.s. as n — > oo. On the set 
Q n (t,e) we have for i < [t/A n ] — k n + 1, 

n fs?(m,n, £ )-i AX T m ( £ )' if I(m,n,e)-k n + l<i<I(m,n,e)-l 

= \ for some m, 

[ 0, otherwise. 

Hence 

V(X(e),p)? = g(p)n \&X.s\ p l UAXsl>£} on n n (t, e), 

s<t 
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and (2.10) yields 

(5-14) ±V(X(e),p)? -> g(p) £ \AX s \Pl {{AXa]>e} . 



s<t 



Step 5. In this step we study V(X C , 2)f. Set X c (n, i) s = f* An g n (r-iA n ) dX° r 
when s > iA n . Using (5.4) and Ito's formula, we get (Xf n ) 2 = Cf + Cf 1 where 

/•iA n +U n 1-iA.n+Un 

Q = 9n(s - iA n ) 2 dC s , C = 2 / X c (n, i) s dX c s . 

On one hand, X^!=o k " Q ls equal to g(2) n Ct plus a term smaller in abso- 
lute value than KC Un and another term smaller than K(Ct — Ct- U „)- Then, 
obviously, 

[t/A n ]-k n 

(5.i5) - £ c^mct. 



i=0 



On the other hand, we have ^{C^d+j) = when j > k n , and 

E((C) 2 ) < 4E((C iAn+Un - C lAn ) sup X c (n,i) 2 ). 

s£[iAn,iA n +u n ] 

By Doob's inequality, E(sup se[iAniiAn+nn] X c (n,i) 4 s ) < KE((C iAn+Un -C iA J 2 ), 
hence the Cauchy-Schwarz inequality yields 

mCf) < KE((C iAn+Un - C lAn f) < KK((C lAn+Un - C iAn )9(C,u n ,t)), 

whenever i < [t/A n ] — k n + 1. At this point, the same argument used in 
(5.11) gives 



/[t/A n ]-kn \ 2 \ 

£ C a^E(^(c, H „,t))a^(fl(c,«„,t)). 



\ \ i=0 

But 6(C,u n ,t) tends to and is smaller uniformly in n than a square- 

integrable variable. We then deduce that 4- X^i=o ^ ^ ~^ *-* which; com- 
bined with (5.15), yields 

(5-16) lv(I c ,2)?As(2)Q. 

Step 6. It remains to put all the previous partial results together. For this 
we use the following obvious property: for any p > 2 and r\ > there is a 
constant such that 

(5.17) x,y£R => + < K Pir? |?/| p + 



LIMIT THEOREMS FOR MOVING AVERAGES 23 

Suppose first that p > 2. Applying (5.17) and (5.6), we get 

\V(X,p)?-V(X(s),p)?\ 

< r,V{X(e),p% + K p , v (V(B(e),p)? + V(X c ,p% + V(M(e),p)?). 

Then by (5.10), (5.12), (5.13) and (5.14), plus J2 s <t\ AX s\ P1 {\AX s \>e} -> 
^2 s<t \AX S \ P as e — > 0, and by taking r/ arbitrarily small in the above, we 
obtain the first part of (3.2). 

Next suppose that p = 2. The same argument shows that it is enough to 
prove that 

(5.18) l~V{X c + X(s), 2) n t A g(2) (c t + £ | AX S | 2 1 { | AXs , >e} ) . 

On the set f2 n (i,e), one easily sees that 

V(X C + X ( £ ), 2) n t = V(X C , 2)» + We), 2)? + E C 

m>l:T m (e)<t 

where 

7(m,n,e) — 1 

C= E C(m,n,i), 

i=I(m,n,e)—k„+l 

C(m,n,i) = |9?( mini£) _iAX Tm(£) + X 4 c ' n | 2 - |3? (m ,„, e )_iAX Tm(£) | 2 - |X^' n | 2 . 

In view of (5.9), we deduce from (5.17) that for all rj > 0, 

|C(m,n,i)|<^(X c ,n n ,t) 2 + J^|AX Tm(e) | 2 , 

if I(m,n,e) — k n <i < I(m,n,e) and T m (e) < t. Since r/ is arbitrarily small, 
Cm/kn for all m with T m (e) < t. Hence (5.18) follows from (5.16) and 
(5.14), and we are finished. 

5.2. Proof of Theorem 3.2. Here X is still an arbitrary semimartingale, 
and as for the previous theorem we can assume by localization that (5.7) 
holds. We first prove (a), and we assume Hypothesis (SN-g) with q=p for 
proving (3.3) and q = p + 2r for proving (3.4), so (5.3) implies 

Kt 

(5.19) E(V( X , g, q, 0)D + E(V(x, 9, 0, q/2) n t ) < — < Ktk^\ 

A h ql 
L -^n h 'n 

We deduce from (5.17) that, for all r] > 0, 

\V(Z, g, q, 0)2 - V(X, g, q, 0)? | < rjV(X, g, q, 0)? + K qjV V( X , g, q, 0)? 
and thus (3.3) follows from (3.2) and (5.19). 
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Next, Holder's inequality yields, when p, r > with p + 2r = q > 2, 

V(Z,g,p,r)? < (V(Z,g, q ,0)?r/i(V(Z,g,0,q/2)?) 2r/q - 

By (3.3), applied with q instead of p, we see that the sequence k~ 1 V{Z, g, q, 0)™ 
is tight, so for (3.4) it is enough to show that the sequence k^[ 2 2 V{Z, g, 0, q/2) r t 
is also tight. To see this we first deduce from \g'™\ < K/k n that 

i+k n — l 

(5.20) 



/-•- 



implying by Holder's inequality (recall q > 2) that (X(g) 7 j l ) q / 2 < x 
^i+fc„-i| A n X | 9) and hence by (3 -q the sequence A£ 7 V(X, 9) 0, is 

tight. Second, (5.19) yields that the sequence k^ 2 2 V(x,g,0,q/2)^ is tight, 
and (3.4) follows because V(Z, g, 0,q/2)f < K q (V(X, g, 0, q/2)? + V(x, g,0,q/ 

Now we turn to (b), so we assume (SN-2). The left-hand side of (3.5) can 
be written as 

1 1 4 



k-r; 



1=1 



where 



U(l)t 



[t/A n ]-k n 

2 x(9)?x(g)7, 

i=0 

[t/An]-k n k n 
i=0 j=l 

-^V(X,g,0,l)t, 
V(x,g,2,0)?-lv( x ,gAl)?, 



and by (3.2) it is enough to prove that for I = 1,2,3,4, 



a 1 = 1, 

if l = 2, 

if I = 3, 
if I = 4, 



(5.21) 



_tf(J)?-^0. 

rvrj. 



Equation (5.20) yields |17(3)?| < £ X)I=f nl ( A r x ) 2 ' so ( 5 - 21 ) for 1 = 3 fol " 
lows from (3.1). Next, (2.5) implies E(U(l)f \ J 7 ^) = for I = 1,2; hence 
(5.21), for 1 = 1,2 will be implied by 

2 



(5.22) 



E 



0. 
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By (2.5) and (2.11) and (5.3), the variables |E(x(0)?x(flO" I ^ 0) )| van- 
ish if j > k n and are smaller than K/k n otherwise, whereas the variables 
|E(A"xA^|_-x | J-^^l are bounded, and vanish if j > 2. Then we get 

[t/A n ]-k n k n _ 

E((U(l)?) 2 \^)< r £ Y,X(9)?X(9)? +J <KV(X,g,2,0)?, 

n i=0 j=l 
[t/A n ]-kn k n -l 



[t/A 



n i,i"=0 j,j'=0 



< f E ( A ^) 2 
K « i=i 

and (5.22) follows from (3.2) when I = 1 and from (3.1) when I = 2. 
Finally, an easy calculation shows that U(4)f = f7(5)" + f (6)™ where 

[*/A„] k n 
i=o i=i 

c/(6)r = £(«f (xd 2 + «r(xr +[V A„]- fc j 2 ) 

t=0 

for some coefficients a™- , af 1 , n , all smaller than K/k n . Then, obviously, 
E(|17(6)1?|) < K and e(u(5)?) = 0, and, since E(x?xF +i xPx" +/ ) vanishes 
unless i = i' and j = j' when j, / > 1, we also have E((£7 (5)f) 2 ) < Kt/k n A n < 
Ktk n . Then (5.21) and (5.22) hold for I = 6 and I = 5, respectively, and thus 
(5.21) finally holds for I = 4. 

5.3. A key lemma. In this section we prove a key result, useful for de- 
riving the other LLNs when the process X is continuous and for all CLTs. 
Before that, we prove Lemma 3.5. 

PROOF of Lemma 3.5. By virtue of (3.14) we have 

p/2 p/2-v 

Vp(g-,vX) = Y. m ^ 2 m) v (( 2 g(W /2 - v E c 2 /_ 2rPp , r 2 r m p _ 2r _ 2v . 

v=0 r=0 

By (3.7) the last sum above vanishes if v <p/2 and equals 1 when v =p/2, 
hence (3.16). Next, we put a { = fM p (gi;r], () and XJ\ = r}L{gi) t + (L'(gi) t , and, 
for T > 2, 

P/2 T 
r=0 J ° 



26 



J. JACOD, M. PODOLSKIJ AND M. VETTER 



The process (L(gi), L' (<&)) is stationary, and hence E'(V^) = Tai for some 
constant Oj. Moreover, the functions 

p/2 

fij(s,t)= ^ p p , rPpy (2CV(2)) r (2C 2 * , (2)) r 'E'(|^r- 2 n^r 2r ')-a,^, 
r,r'=0 

satisfy /y (s, i) = /ij(s + u, i + «) and fij(s,t) = if \s — 1\ > 1. Thus if T > 2, 
Cov(^4,T4)= / fij(s,t)dsdt 

J[0,T] 2 

rl rs-\-l rT pT 

= ds fij(s,t)dt+ / ds / fij(s,t)dt 
Jo Jo Jt-i Js-1 

i-T-1 rs+1 

+ ds fij(s,t)dt. 

Jl Js-l 

Therefore ^Cov{V^,V^) converges to J* fij(l,u)du as T — > oo, and this 
limit equals JL 2v {gi,gj\ r/, £). Since the limit of a sequence of covariance ma- 
trices is symmetric nonnegative, we have the result. □ 

Now, we come to the aforementioned key result which consists of proving 
the convergence we hinted at after the definition (3.12) of the processes L{g) 
and L'(g). For a precise statement, we fix a sequence i n of integers, and we 
associate the following processes with g, an arbitrary function satisfying 
(2.7): 

L{gY t = ^KW{g)l +[kntV L'{gYl = vCx(<?)? n+[M , 

(5.23) 

L>(g)? = k n x(g)l +[kn ty 

We do not mention the sequence i n in this notation, but those processes 
clearly depend on it. In view of the "approximation" (5.1), these processes 
(and in particular their conditional moments of various orders) will play a 
central role in the sequel. 

We fix a family (gi)i<i<d of weight functions satisfying (2.7). We denote 
by Lf and L'™ and L 1 ™ the d-dimensional processes with respective compo- 
nents, L(g{)™ and L'(gi)™ and L'(gi)™. These processes can be considered as 
variables with values in the Skorokhod space B d of all cadlag functions from 
M+ into M. d . The processes Lt and L' t with components L(gi)t and L'{gi)t, 
defined by (3.12) with the same Wiener processes W 1 and W 2 for all com- 
ponents, are also Devalued variables, and the probability on B M = B rf x 3 d 
which is the law of the pair, (L,L') is denoted by R = R( gv ) = R(dx,dy). 

We also have a sequence (f n ) of functions on B 3d , all depending on w £ B M 
only through their restrictions to [0, m + 1] for some m > and which satisfy 
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the following property for some q' > 2 [below, x,y,z G U> d , so v = (x, y) G D M 
and (a;, y, z) = (v, z) G D 3d , and the same for x', y', z' and v'\ moreover for any 
multidimensional Borel function u on R + we put = + ll^ 771 )!! + 

^ES=i +1)fcn imvfen)io : 

i/ n (^ 2 )i<ir(i+« )n r'+« n )« , /2 ); 

ft- 9/ n \fn(v,z) - f„(v',z')\ 

^■ M > < K ((v-v>y m , n + (z-z>y m , n ) 

x (i + kj*'- 1 + (en) 9 '- 1 + «„) 9 ' /2 ^ + (CJ 972 - 1 )- J 



Lemma 5.1. Assume Hypothesis (SN-q) for some q > 4 and t/iai a is 
bounded. Let T be the set of all times s > such that both a and a are 
almost surely continuous at time s. Let zq G B> d be the constant function 
with components (^(2))i<;<d. Ta/ce any sequence (i n ) of integers such that 
s n = i n A n converges to some s G T. If the sequence (/„) satisfies (5.24) f or 
some q' < q and converges pointwise to a limit f , we have the almost sure 
convergence 

(5.25) E(f n (a Sn L n ,L' n ,L' n ) | F Sn ) -)• J f(ea s x, as y,2^s) 2 z )R(dx,dy). 

Proof. (1) We first prove an auxiliary result. Let be the set of 
all lj( ' such that both <t(u/ )) and a(u)^) are continuous at time s. We 
have P(°)(fii 0) ) = 1 because s G L, and we fix G We consider the 
probability space (fiW.jW.Q) where Q = Q(w(°), •), and our aim in this 
step is to show that under Q, 

(5.26) T! n -A a a ( J°>)2/, Eq((Z'")^J < K m 
(functional convergence in law in H) d ). In view of the definition of (L /n ' 



m.ii 



(which is the norm of t — > L'™ described above), the second property imme- 
diately follows from (5.3). 

We first prove the finite-dimensional convergence. Let < t\ < • ■ • < t r . By 
(5.23) and (2.11) the rd-dimensional variable Z n = (L 1 ™' :1 < I < d, 1 <i <r) 
is 

z n = J2 Z ?> where z l = Q a !' Q = -4=x£+j-i and 

(5.27) i=i V " 

a n,l,i _ | - k n{9i)'jl.ik n t i \, if 1 + [knU] <j< K + [k n ti], 



3 \ 0, otherwise. 

Under Q the variables C? are independent centered, with Eq(|£^| 4 ) < Kk~ 2 
by Hypothesis (SN-g); recall q > 4. The numbers a™' ' l being uniformly 
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bounded and equal to when j > k n + [k n tr], we deduce that under 
again the variables are independent with 



oo 



Eq{z?) = 0, E (||^|| 4 ) < Kk~\ ^E Q (||^|| 4 ) 

i=i 



Next, 



ETC, / n,l,i n,l',i'\ 1 / (0)\2 n.l.i n.l'.i' 

On one hand a(j n +j_i)A n ( w( - ' 1 ) 2 

converges uniformly in j < fc n + [t r /c n ] to 
a s (u/°)) 2 because s i-)- a s (u/°)) is continuous at s. On the other hand, since 
gi = outside [0, 1] , 

1 oo 

J- n,i,i n,Z',i' 



gAu : — )du g v \u ; du, 

*—{J{j-l)/k n V k n J J(j-l)/k n V fc n / 

which clearly converges to c 1 ' 1 ' 1 '' 1 ' = J gUv — ti)g[,{v — ti>)dv by the mean 
value theorem, the piecewise continuity of each g[ and Riemann approxima- 
tion. Hence 

oo 

(5.28) YjS^^zf^) c^'^'a^f. 

3=1 

Then a standard limit theorem on row-wise independent triangular arrays 
of infinitesimal variables yield that Z n converges in law under Q to a cen- 
tered Gaussian variable with covariance matrix (c 1 ' 1 ' 1 ' ' l ' a s (iv^) 2 ) (see, e.g., 
Theorem VII- 2-36 of [16]). Now, in view of (3.12), this matrix is the co- 
variance of the centered Gaussian vector (Lp :1 <l < d, 1 <i < q), and the 
finite-dimensional convergence in (5.26) is proved. 

To obtain the first property in (5.26) it remains to prove that for each I 
the sequence of processes L'(gi) n is C-tight. Equivalently, we can prove that 
the sequence of processes G n is C-tight, where G n is continuous, coincides 
with L'(gi) n at all times i/k n and is piecewise linear between these times. 
For this we use a criterion given in [12] for example. Namely, since q > 2, 
the C-tightness of the sequence G n is implied by 

(5.29) 0<t><l E Q (\G? +v -G , t\ q )<Kv q/2 . 

A simple computation shows that G^ +v — Gf = ^ • 5™ Xj for suitable coeffi- 
cients <5™, such that at most 2[A: n t;] are smaller that K\j\fhn^ and at most 
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k n of them are smaller than K^v j \fk^, and all others vanish. Then the 
Burkholder-Davis-Gundy inequality yields 

m q (\g? +v - g?|«) < ke q (^(^) 2 ) 9 2 ) 

< KP{q){ujW){Kf(2v) q/2 + K%v q ), 

and (5.29) follows. Then (5.26) is completely proved. 

(2) In exactly the same setting as in the previous step, we prove here that 

(5.30) L' n ^2(a s (u^)) 2 Zo, E Q (sup \\L' v n \\ q/2 ) < K t 

(under Q again, and with zq as in the statement of the lemma). These are 
componentwise properties, so we may assume d = 1 here and g\ = g. The 
second property again follows from (5.3). For the first one, we see that under 
Q the variable Qj = k n (g' (j / K) +[knt]+j x) 2 satisfies 

<,:=Eq(0j) 

= fen( 5 '(j7A;„)) 2 ((a( w ( )) (ln+[fcn , ]+j)A J 2 

E Q (\C^ 2 )<K/k q J 2 . 

In view of the continuity of a(u/°)) at time s and of (2.10), and since L'™ = 
52j=i Qj, w e see that B% = E Q (L' t n ) = Ylj=i a t,j converges locally uniformly 
to the "constant" 2(a s (u/°))) 2 zq. Hence it remains to prove that V™ = L'™ — 

u.cp. , P 

B™ — -> 0. For this it suffices to show V t n — > for each t, and the C- 
tightness of both sequences (L n ) and (B n ), and the latter follows from 
^ u -^2(a s (o,(°)))V 

Now, V t n is the sum of the k n centered variables — o"j> with (g/2)th 

absolute moment smaller than K/kn , and • is independent of (Cti • 1^ ~~ 

j\ > 2). Then obviously E Q ((^ n ) 2 ) < K/k n -> 0. For the C-tightness of (L n ) 
it suffices as in the end of Step 1 to prove the C-tightness of the linearized 
versions (G' n ) of (L' n ). We have G' t % - G' t n = T,i S i( A iX) 2 for suitable 
coefficients <5™, such that at most 2[fe n u] are smaller that Ki/k n , and at 
most k n of them are smaller than K2v/k n , and all others vanish. Then by 
the Burkholder-Davis-Gundy inequality (applied separately for the sum of 
even indices and the sum of odd indices, to ensure the independence of the 
summands), we have 

Eq(|GJU - G' t y /2 ) < XEq^^W) 2 )^) < Kvil\ 
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Since q > 4, the C-tightness of (G" n ) follows as in Step 1, and (5.30) holds. 
(3) Now we draw some consequences of the previous facts. We set for 

y,z e B d , 

f^ 0) (a Sn (io^)y,2a 2 s zo)R(dx,dy), j = 2. 

The J-^ -measurable variables, 



$ n = 1 + sup V k n | W Sn+v - W Sn | , 

«e[0,(m+l)tJn] 

satisfy E(3>^) < K u for any u > 0, by scaling of the Brownian motion W 
whereas \\Lf\\ < K$> n if t < m. Then we deduce from (5.24) and from the 
boundedness of a and a that if y, y', z, z' are in D d and u = (y, z) and v! = 

(y',z'). 



\f- (0) (u)\ < K<S> n {^) q \l + (y* m>n y + (z* m , n r'/ 2 ), 

, / * w'/2-l , w'/2-l^ 



Moreover a Sn (u>^) — > a s (o/°)), so by the Skorokhod representation the- 
orem according to which, in case of convergence in law, one can replace the 
original variables by variables having the same laws and converging point- 
wise, one deduces from (5.26) and (5.30) [these imply that the variables 
/"( 0) (L /n , L /n ) are uniformly integrable, since q' < q], that 

u,(°)efii 0) =► ^( w (°))-^(^°))^o,l 
1 j e(\aW)<k. j 

Next, we make the following observation: due to the J 7 ^ -conditional in- 
dependence of the Xt' s i a version of the conditional expectation in (5.25) is 
E(^4™ j J- Sn ). Therefore in view of (5.31) (which ensures the uniform inte- 
grability and the a.s. convergence to of the sequence A™ — A^), (5.25) is 
implied by 

(5.32) E(A2\F Sn )^F(a s ,a s ) a.s., 

where 

F(vX)= I f(er,x,(y,2(O 2 z )R(dx,dy). 
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(4) For proving (5.32) we start again with an auxiliary result, namely 
(5.33) L n A OL. 

For this, we see that Z n = (L^ 1 : 1 < I < d, 1 < i < r) is given by (5.27), except 
that 

/■n f~y~ /\ n w ™>M _ J \9i) 1 j-\k n t i \> if 1 + [k n t-i\ < j < k n + {k n ti\, 

(.j-V^^+jW, a- otherwise. 

Then the proof of (5.33), both for the finite-dimensional convergence and the 
C-tightness, is exactly the same as for (5.26) [note that the right-hand side 
of (5.28) is now 6 2 j gi(v — ti)gi'(v — t{i)dv which is the covariance matrix of 
(6L l ti :l<l<d,l<i<r)}. Further, since \\L?\\ < K$ n if t < m, 



(5.34) El supH-L"!! 9 ) < K t . 

(5) Now we introduce some functions on M 2 : 

F n (r,,C) = J nfn(vL n Xy,m 2 zo))R(dx,dy), 

K(V,0= I nfn(9vLXy,2(0 2 zo))R(dx,dy). 



Under R the canonical process is locally in time bounded in each L r . Then 
in view of (5.24) we deduce from (5.33) and (5.34), and exactly as for (5.31), 
that F n — F' n — > locally uniformly in R 2 . We also deduce from (5.24) that 
K(Vn, Cn) ~ F' n (r}, C) ->■ whenever (r] n ,(n) -> (v, C), and also that F 
pointwise because f n —>f pointwise, and hence we have F n (r] n ,(n) — > F{t], (). 

At this point it remains to observe that, because (W Sn+ t — W Sn )t>o is 
independent of F Sn , we have E(A% \ F Sn ) = F n (a Sn ,a Sn ). Since (cr Sn ,a Sn ) -)• 
(a s ,a s ) a.s., we readily deduce (5.25), and we are done. □ 

Remark 5.2. In the previous lemma, suppose that all f n (hence / as 
well) only depend on (x,y) and not on z; that is, the processes L' n do not 
enter the picture. Then it is easily seen from the previous proof that we do 
not need q > 4, but only q > 2. 

5.4. Asymptotically negligible arrays. An array (5f) of nonnegative vari- 
ables is called AN (for "asymptotically negligible") if 

(5.35) v^supE E WL+j -> 0, \Sf\ < K, 

o<j<kr, V • I 



i=0 
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for all t > 0. With any process 7 (in the sequel, 7 will usually be 7 = a or 
7 = a) and any integer m we associate the variables 

r( 7 ,m)?= sup |7t-7iAj, r , (7,m)?=E(r(7,m)?|7T). 

roj^Ajt -(-(771-1-1) Wyt] 

Lemma 5.3. (a) // (5™) is an AN array, we have 



(5.36) 




for all t>0, and the array ((5f) q ) is also AN for each q > 0. 

(b) If j is a cadlag bounded process, then for all m> 1 the two arrays 
(r(7,m)f) and (I* (7,171)?) are AJV. 

Proof, (a) The left-hand side of (5.36) is smaller than a constant times 
the left-hand side of (5.35), hence the first claim. The second claim follows 
from Holder's inequality if q < 1, and from Ylieii^f) 9 < K^2i e j5f if q > 1 
(recall that |<5™| < K). 

(b) Let <5" = r(7, m)". If e > 0, denote by A r (e) t the number of jumps of 7 
with size bigger than e on the interval [0,t], and by v(e,t,rj) the supremum 
of 1 7 S — 7r| over all pairs (r, s) with s < r < s + r/ and s < t and such that 
N(e) s — N(e) r = 0. Since 7 is bounded, 

/[*/««] \ 

u n sup E V <%(£,t+l,(m + lK) + (K)A(^„iV(£) t+1 )) 

0<i<fcn V 4 = / 

as soon as (m + 2)u n < 1. Since limsup n _ !>00 f (e,t + l, (m+l)u n ) < e, Fatou's 
lemma implies that the limsup of the left-hand side above is smaller than 
Kte, so we have (5.35) because e is arbitrarily small. Since E(r" (7,771)") = 
E(r(7,m)"), the second claim follows. □ 

5.5. Some estimates. Here we provide a number of estimates under the 
following assumption for some q > 2: 

• we have (2.14) and Hypothesis (SN-g), and b and a are bounded, 
(5.37) and a 

and a are cadlag. 

This list of estimates is quite tedious, but unfortunately they play a central 
role in many places in the sequel. We first introduce some notation where i 
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and j are integers, Y is an arbitrary process and p Pi i is given by (3.7) and 
i + j > 1 in the first line below, and p an even integer in (5.38): 

K,j = *? +j Z - = A? +j X - a?A? +j W, 



k n 1 



h n 1 



— E 9?K,j+h 



(5.38) 



i=i 



i=i 



p/2 



p/2 



Recalling (5.1), we see that K(g)f- is an approximation of Z(g)™, and its 
asymptotic behavior is described in Lemma 5.1. Then cf>(g,p)2j is an ap- 
proximation of (j>(Y,g,p)f whereas by (3.9) we have 

[t/A n ]-k n 
V(Y,g,p)?= £ <f>(Y,9,p)l 
i=0 

One of the aims of the estimates below is to prove that these approximations 
induce a negligible error. 

In the forthcoming inequalities, we have < j < mk n where m is a fixed 
integer. First, if we use (5.4) and the boundedness of g, and also (5.3), we 
obtain for u > 

E(\X(g)?r + \W(g)?r\ F?)<K U A U J\ 1 
u<q => K(\Z(g)?\ u + \K(g)?\ u \ < K U A U J\ \ 



(5.40) 



Ha) 



(t+j)A„ 
(i+i-l)A„ 

(l+jr'+fc n )A n 

^(s-(i+j')A n )(^^ + (^-^r)^)- 

(i+j)A„ 



Hence we obtain for u > 1, and recalling that r(cr, m)™ < i^, 

E(|A&| U I ?i) < K u A u n /2 {A u J 2 + r'(a,m)f), 
m(g)h\ u I J7) < K M A^ /4 (A^ /4 + r'(a,m)f ). 



(5.41) 
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If u is an odd integer, (5.39), (5.41) and an expansion of (erf W(g)f +X(g)f) u 
yield 



E((W(g)tr\T?)=0, 



E((X(g)?r I J?) < ^uA«/ 4 (AV 4 + JT'(a,m)2). 



(5.42) 



Next, using |<^ n | < K/fc n and (5.4) and the first part of (5.41), plus 
Holder's inequality and the definition of Y(g)™, plus the obvious fact that 
I J~T) — Ku if u < Q, an d after some calculations, we get for u > 1 

E(\X(g)f\ u + \W(g)f\ u \ If) < K u A 3 n u/2 , 
(5.43) u<q/2 =► E(|%)f + . |« + |x(ff)? +J | u I •??) < K u A u n /2 , 
u<q => E{\Z{g)? +j -%g)V +j \v\J^)<K u Al. 

Then, if we combine (5.39), (5.41) and (5.43), and use again Holder's 
inequality, we obtain for all reals l,u>l and r > 0, 

(I + 2r)u < q 



E(\(Z(g)2 +i ) l (Z(g)f +j ) 



(5.44) 



n \r\u\ -pn 
I I 



< K Uil , r Al l/4+ur/2 (AT + (rv,m)?) 1 - u(,+2r - 1)/ff ), 

ru/2+u/2 



2ru<q E(\(Z(g)f +j Y - (x(<?)^)T I J?) < 

Finally, by (5.38), this readily gives for p > 2 an even integer and u > 1 a 
real, such that < 



(5.45) 



E(i0(z, ff ,p)r +J r+i^,^n^r) 

<^ t , p Ar /4 , 
E(i0(z, 5 ,p)^.-^,^ri^r) 

< K UiP ^/\A u J A + (r'^m)?) 1 -^- 1 )/ 9 ) 



5.6. Proof of Theorem 3.3. By localization we can and will assume (5.37). 
We set 



? = A^/ 4 |Z( 5 )T, Cf = A-^ 4 |K( 5 )- o r, 



It = m p 



0g(2)°t + 



r(2) 



P/2 



The left-hand side of (3.6) is ^I=o ^ M? whereas we deduce from (5.44) 
with r = and Lemma 5.3 that A n ^f^" ] " fcn \$ - Q\ u -^' 0. Then it 
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remains to prove 



(5.46) 



A, 



[t/A n ]-k n 

v cr 



t=0 



7s ds. 



Set Cf = E(Cf I J?). By (5.39), E((Q) 2 
K. Moreover Q is -measurable, hence E((£ 

| j — i\ > k n , and 

2 



J 7 ™) < if, and in particular £- n < 

Cf)(C?-<f)) = o if 



E 



[t/A„]-fc„ 

An £ (C 

i=0 




cm?- C?)) 



Thus it is enough to prove (5.46) with Qf substituted with Since jt + 



A, 



7s ds 



< 



([t/Ar 



fort) 



-y s \ds + Kk n A n , 



[t/A n ]-k n 

E cr 

where 7" = <^ n when (2 — l)A n < s < iA n . Therefore, since I7™ — 7 S | < K, 
in order to obtain (5.46) it is enough to prove that for Lebesgue-almost all 
s we have 7™ — > j s a.s. In particular it is enough to prove that, for all s € T 
(cf. Lemma 5.1), we have 

(5-47) Cf s n /A n ]+i -> 7s a.s. 

With the notation of Lemma 5.1, we take d = 1 and the weight func- 
tion gi = g, and the functions f n = f on B 3 as f(x,y,z) = \x(0) + y(0)\' p , so 
(5.24) is satisfied with q' = p < q and m = 0. Moreover we fix s G T and set 

i n = [s/A n ] + 1, so s n = i n A n s. The left-hand side of (5.25) is A p n /4 k p n /2 ('£ 
whereas its right-hand side is E' '(\9r]L(g)o + ij' L' (g)o\ p ) [recall (3.12)] eval- 
uated at 7] = a s and if = a s . Since L(g)o and L'(g)o are independent cen- 
tered normal with respective variances g(2) and <f(2), this right-hand side 



is m r 



2 g(2)al + g'{2)alyl 2 = evl'- 



Since An^k?/ 2 



6 p / 2 , we get (5.47). 



5.7. Proof of Theorem 3.4- As we said already, (a) is a particular case 
of (3.3) when p > 4, and of (3.5) when p = 2. For (b), we can again assume 
(5.37). We set 

M ? = A- p /U(z,g,p)7, C = K p/ U(9,p)t,o, 

lt = m p (6g(W /2 Wt\ P , 
and C 4 ' n = E(C™ I -T 7 ™)- We deduce from (5.45) and Lemma 5.3 that A n x 
J2flo n] ~ kn I - Cfl 0. Then it is enough to prove (5.46). 
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By (5.45) we have E((Cf ) 2 \Jf)<K\ hence Cf < K. Then, exactly as in 
the previous proof, it remains to show (5.47) when s € T. For this, we use 
Lemma 5.1 with d = 1 and g\= g and the functions f n = f given by 

p/2 

f(x,y,z) = 5>p,i|s(0) + y(0)r 2l \m\ l - 

1=0 

The left-hand side of (5.25) is again A^fcn^C'™- Its right-hand side is /J, p (g; 
9a s ,a s ), as given by (3.15), and by (3.16) this is also 9p/ 2 j s . Then (5.10) 
holds. 

5.8. Proof of Theorem 3.6. The proof is basically the same as in the 
previous subsection, using again Lemma 5.1 and the fact that we deal with 
asymptotically /c n -dependent variables. We can assume (5.37), and we have 

Th P (9,h;riX) 

p/2 

= E P P ,rP P ,r>(2( 2 g'(2)y(2C 2 h'(2)y' 

r,r'=0 

x (m p -2r, P -2r>(g,h;ri,0 ~ ^rn p -2r(g;r],()mp-2r'(h;r],()). 

Therefore is is enough to prove that for r,r' between and p/2, and with 
the notation 

\z( 9 y +k j- 2r T ^\z(h)7 +J r 2r ' 

-2|z( 5 )?r- 2 H^(^? +fc J p - 2r 'Y 

lt = 9^/ 2 (2a 2 g'(2)Y +r '(m p ^ p _ 2r ,(g,h;9a t ,a t ) 

- 2m p _2r(g; 9o- t ,a t )m p _2r'(h; 9a t , a t )), 

we have 

[t/A„]-3fe„ rt 



tr n Jo 



7s ds. 



i=0 

By (5.43) and (5.44) we have A n X)|^ n] ~ 3fcn |pJ l - Q\ ^ where 

hi . 



J=l 
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-m g )i r 2r \mi k j^, 

so we are left to prove 



[t/A„]-3fe„ t 

An / ^ dS - 

We set C'i™ = I -^TO) so as m the proof of Theorem 3.3 it is enough to 
prove (5.47) when s£T. We apply Lemma 5.1 with d = 2 and g\= g and 
g2 = h and the functions f n and / on B 6 defined by 

f n ({x,x'),{y,y'),(z,z')) 

wi)+y(i)r 2r r E^ f )+y' f 

"-n _^ V^n/ \r»n/ 

-2\x(0) + y(0)\ p - 2r Wa)+y'(l)\ p - 2r 'y 

f((x,x'),{y,y'),(z,z')) 

= z(0) r z'(0y' (\x(l) + y'(l)\ p - 2r J* \x'(t) + y'(t)r 2r ' dt 

-2\x(0)+y(0)r 2r \x'(l)+y'(l)r 2r ^ 

and again i n = [sA n ] + 1. Then (5.24) is satisfied with q' = 2p < q and m = 1, 
and / n — > / pointwise. The left-hand side of (5.25) is An &nCf\ whereas its 
right-hand side is 9 p / 2 -y s [recall that (L(g)o,L'(g)o) and (L(h)i,L'(h)i) are 

independent]. Since A^ 2 /c n — > # p / 2 , we get (5.47) by the lemma, and the 
proof is finished. 

5.9. Auxiliary results on the noise process. At this stage we start the 
proof of our CLTs, and this is done through a large number of steps. In the 
first, crucial step we derive some estimates on the (conditional) moments of 
the noise process x- Recall that Gf denotes the cr-field generated by J-^ 
and Tf. Set 

(5-48) ^)? = £(#)V? + ;-i) 2 - 

i=i 

For random variables U~ and indexed by a parameter 7 [for example, 
7 = (n, i) just below], with V 7 > 0, we write Uj = O u (Vy) if the family U y /Vy 
is bounded in probability. 
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Lemma 5.4. Assume Hypothesis (SN-q) for some q>2, and let v and 
r be integers such that 2 < v + 2r < q. Let also m > and j be arbitrary in 
{0, 1, . . .,mk n }. 

(a) When v is even we have 

n(x{g)^) v (x(g)! +3 ) r \G?) 

(5.49) 

= m v 2 r (A(g)? +j y + v/ 2 + O u (A;/ 2+ */ 4+1 / 2 ) 

(5.50) = m ^'^f \ o%r +v + O^A^^A 1 / 2 + r(a,m)?)). 

(b) When v is odd we have 

(5.51) E((x(g)r +J ) t, (x(5)r + ,) r I 6T) = M (A^/ 4 + 1 /4 )) 
and a/so ; /or some suitable numbers 7^ r , depending on g, 

mx(gK +j ) v {x{g)^Y 1 6?) 

+ O u (A;/ 2 +-/ 4 +V4( A V 4 + r(a, m)? + r(/9(3), m)f )). 

Proof. Equations (5.50) and (5.51) are simple consequences of (5.49) 
and (5.52), respectively, upon observing that A(g)? +j = g' (2)(a?) 2 /k n + 

O u (Al /2 (Al/ 2 + T(a,m)f)). As for (5.49) and (5.52), and up to taking a 
further conditional expectation, it is enough to prove them when j = 0, so 
in the rest of the proof we take j = 0, and thus m = as well. The product 
(x(g)f) v (x(g)f Y is the sum of all the terms of the form 

HJ,n) = (-i) u n^ iI -inc^x^ +3 j_ 1 ) a 
i=i i=i 

(5 - 53) >< n(-2(5|) 2 xr + , r xr +JT -i)> 
i=i 

J — X s i Jl) • • • ; Jvi Jli ■ ■ • i 3 si 3 li ■ ■ ■ i 3 si 3l i • • • i3r-s)i 

where s £ {0, . . . ,r},j u j[,j'{ 6 {1, . . . , fc n }, J; G {0, !}• , 

We denote by I( J) the family of all indices of the variables Xj occurring in 
(5.53), the index j appearing I times if xl is taken at the power /, so that 
I(J) contains v + 2r indices. We also denote by D{u) n the class of all J's 
such that among the v + 2r indices in I(J), there are exactly u different 
indices, each one appearing at least twice. Note that D(u) n is the disjoint 
union over s' = 0, . . . , r of the set D(u, s') n of all J G D(u) n such that s = s' . 
Note also that D(u) n = if u > v/2 + r. 
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By (2.5) and the J 7 ' ) -conditional independence of the xt 's, the conditional 
expectation E($(J, n) \ Q™) is always smaller than K/k^ +2r , and it vanishes 
if J is outside \J U>1 D(u) n ; that is, 

[v/2]+r 



u=l 



where 



s=0 JeD(u,s) n 

Now #D(u, s) n < Kk%, so |<&(u, s) n | < Kk%- v - 2r ; hence l£ = O u (A^ /2+,,/4+1/4 ) 
as soon as u < r — 1/2 + u/2. We deduce that for proving (5.49), so v is 
even, it is enough to show that $ u equals the right-hand side of (5.49), for 
u = r + v/2. In the same way, for proving (5.52), so v is odd, it is enough to 
show that $ u equals the right-hand side of (5.52) for u = r + (v — l)/2. 

(a) Suppose that v is even and u = r + t>/2. The definition of D(u) n and 
the property u = r + u/2 yield that, if J € D(u) n , there is a nonnegative 
integer w < § A such that <E>(J, n) is the product of " +s ^ r ~" J terms, of 
three types, all for different indices for x n '- 

(1) s — w + ~ terms of the form (g'^xl+j^i) 2 or (g'^Xi+j) 2 ] 

(2) u> terms of the form -2( 5 f ) 3 5 f +1 ( X r +i _iX? +J ) 2 ; 

( 3 ) ™< t e rms of the form 4( 9 f ) 4 ( X ™ +J _ lX r + ,) 2 . 

Hence #L>(u, s) n < Kk { n +s+r)/2 because the number of terms for a partic- 
ular J is smaller than v+ i +r , and the indices range from 1 to fc n . Moreover, 
since a is bounded and |^ n | < if/fc n , we have E(|<J>(J,n)| | £?f ) < K/kn +2r - 
We then deduce that 

(5.54) |$(u, s) n | < # j^H-«4r)/2-«-2r < KA;/ 2+ "/ 4+ ( r - s '/ 2 . 

In particular, $(«, s) n = 0(£±J 2+V ^ +1 ^ 2 ) when s < r, and it thus re- 
mains to prove that <I>(u,r) n is equal to the right-hand side of (5.49). If 
J £ D(u,r) n , then <1?(J, n) contains only terms of type (1). In fact D(u,r) n 
contains exactly the families J for which s = r, and among ji,. . . ,j v there 
are v/2 distinct indices, each one appearing twice (we then denote by J\ the 
set of the v/2 distinct indices), and the sets J2 = {j[ + j\ : 1 < I < r,j\ = 0} 
and J3 = {j[ + ji : 1 < I < r,j\ = 1} have distinct indices, and J\, J 2 and J3 
are pair-wise disjoint. With this notation, we have (with u terms all together 
in the products) 

(5.55) E(*(J,n)|0r)= J] (^ + i-i) 2 n^-i<+i-i) 2 - 

JGJ1UJ2 jeJ :i 
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The assumption (2.7) on g yields that {g'J 1 — g'JLi\ < K/k^, except for j 
belonging to the set Q n of indices for which g' fails to exist or to be Lipschitz 
on [(j — l)/k n ,jk n ], so #Q n < K. Since a™ < K, we thus have 



E($(J,n)|Sf) 



j£JlUJ 2 UJ 3 

if Q n n(JiU J 2 u J 3 ) = 0, 

k O u (/c~ 2u ), otherwise. 

Consider now L = {Zi,. .. ,l u } in the set £ n of all families of indices with 
1 < l± < ■ ■ ■ < l u < k n , and let w n (L) be the number of J G D(u, r) n such that 
the associated sets J±, J2, J3 satisfy J\ U J2 U J3 = L. Then since #D(u, r) n < 
Kk% and sup n #Q n < 00, we deduce from the above that 

(5.56) *(u,r) n = ^n(^) II(^«?+i-i) 2 + O u (A«/ 2+1 / 2 ). 

Now we have to evaluate w n {L). There are C r u many ways of choosing the 
two complementary subsets, J\ and J2 U J3, of L. Next, with J\ given, 
there are {v/2)\(v — l)(v — 3) ■ • ■ 3 • 1 ways of choosing the indices ji so that 
ji , . . . , j v has v /2 paired distinct indices which are the indices in J\ , and we 
recall that (y — l)(v — 3) ■ • ■ 3 • 1 = m v (if v = then Ji is empty and there is 
mo = 1 ways again of choosing J\). Finally with J2 U J3 fixed, there are 2 r r\ 
ways of choosing the indices j[ + j[, all of them different, when the smallest 
index in J2 U J3 is bigger than 1, and 2 r ~ 1 r! ways if this smallest index is 1. 
Summarizing, we get 

On the other hand, we have by (5.48) 

(A(g)tr= u \ nc^ a ^i-i) 2+0 «(*» 1 " u )- 

Therefore, by (5.56) and (5.57), we deduce that 

m v 2 r {A{g)^) u -^{u,r) n = m v 2 r ~ l ]T XM<rj-i? + O u (A«/ 2+1 / 2 ). 

Lec n :ieLjeL 

Since |^ n | < K/k n and since the number of L G £ n such that 1 G L is smaller 
than k^~ l , the right-hand side above is smaller than KAn^ 2+1 ^ 2 , and we 
deduce that $(n,r) n is equal to the right-hand side of (5.49). In view of 
(5.54), this completes the proof of (5.49). 

(b) Suppose that v is odd and u = r + v/2 — 1/2, and recall that we need 
to prove that & u equals the right-hand side of (5.52). Again, the definition of 



LIMIT THEOREMS FOR MOVING AVERAGES 41 

D{u) n and the property u = r + v/2 — 1/2 yield that, if J £ D(u) n , there is 
a number a in {0, 1} and a nonnegative integer w < A r ~ s 2 ~ 2a such that 
<5(J, n) is the product of v + s + r - w - 1 terms, all for different indices for \ n 
with s — w + a + terms of type 1, w terms of type 2, r ~ s ~ 2 w ~ 2a terms of 
type 3 and 1 — a and a term, respectively, of the types (4) and (5) described 
below: 

(4) terms of the form {gfx^+j-if or (g'J 1 ) 2 'gf +1 {Xi +j f 

(5) terms of the form -2(gf ) 4 3f + i(x? +i _i) 3 (x? +i ) 2 or -2(<^) 3 ( 5 f +1 ) 2 x 
(xr+j-i) 2 (xf+j) 3 ) the whole product being multiplied by —1. It follows that 

#D(u, s) n < Kkn +s+r by the same argument as in (a) whereas 
E(|*(J,n)| | Gf) < K/k v n +2r still holds. Hence, instead of (5.54) we get 

S) n \ < ^ A ;/2+-/4+l/4 + (r-s)/2_ ^ ^ )B = 

when s <r, and it thus remains to prove that $(n,r) n is equal to the right- 
hand side of (5.52). 

If J £ D(u, r) n then <3?( J, n) has u— 1 terms of type (1) and one of type (4), 
and there is exactly one common index among j\ , . . . , j v and j [ j' s + 

j' s . In other words, we can associate with J three sets, Ji,J2,J3, pairwise 
disjoint [with the same description than when v is even, except that jf=Ji = 
and #(J2 U J3) = r — 1], plus an index Z outside Ji U J2 U J3 and an 
integer I equal to or 1, such that instead of (5.55) we have 

E(*(J,n) I S?) = -GnXl# 3 W-i 

>< n (st°$h-i) 2 n (sr-i^-i) 2 - 

ieJiUJ 2 jeJ 3 

This is equal to 

-/3(3)r(a?) 2n - 2 ( 5 n 3 n (5D 2 , 

JGJ1UJ2UJ3 

up to O u {k~ 2u {k~ l +T(a,m)f + T(/3(3), m)™)) when Q n n ({&} U J x U J 2 U 
J3) = and to M (/c~ 2u ), otherwise. Therefore, since #D(u, r) n < Kk%, we 
deduce that 

¥(n,rr = -/3(3)r(aD 2 "- 2 £ ( 5 p) 3 II + 

l,Ji,J2,Ja J6J1UJ2UJ3 

where the remainder term R n is like the last term in (5.52), and the sum is 
extended over all I, J±, J2, J3 such that {/}, Ji, J2, J3 are pairwise disjoint in 
the set {1, . . . , k n }. Then with R' n as R n above, we have 
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Then by an estimate similar to (2.10) (without the absolute value), we de- 
duce (5.52), with j ViT = -g(2) r+v l 2 - 1 / 2 JqVOO) 3 da. □ 

Lemma 5.5. Assume Hypothesis (SN-q) for some q > 2, and let p be an 
even integer. With the notation (5.38) for <f>(g,p), the variables 

(5.58) ttfop)*, = Efofop)^ I S?) - (of 
satisfy, for all u<q/p and m>0 and < j < mk n , 

(5.59) lE^g^l^KKAP^+^A^ + T^aMf + ^^mM?^ 

(5.60) E(|*( ff ,p)^r | JJ 1 ) < K^I A+U I\ 

PROOF. In view of (5.38), and recalling that cr^W(g)f + j is ^"-measurable, 
we see that 

p/2 p-2r 

WMti I S?) = E E ^-2rPp,r(o?W( 5 )? +i ) M 
r=0 tu=0 

xE((x^r 2r " w (x^ i ri^)- 

By (3.7) and a change of the order of summation, we easily get 

p/2 p/2-r 

E E ^ 2r/3p , r 2 r m p _ 2r _ 2 ,(^( 9 )r +J ) 2v (A( 5 )r +J ) p/ ^ u 

r=0 v=0 

hence 

p/2 p/2-r 
r=0 i>=0 

x (E((x( 5 )? +i r 2r - 2u (x(5)r +i ) r i g?) 

-2'm p _ 2r _ 2 ^( ff )^) p/2 ^) 

p/2 p/2-r-l 

+ E E C?trVp,r(o?W( 5 )? +i ) 2U+1 
r=0 u=0 

x E((x( 5 )" +J r 2r " 2 ^ 1 (x(5)r + ,) r i e?). 

Now (5.59) is a simple consequence of (5.39) and (5.49) applied to the terms 
in the first sum above and of (5.42) and (5.52) for those in the second sum. 
Finally, (5.60) follows from (5.39), (5.49) and (5.51), plus Holder's inequality. 

□ 
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5.10. Block splitting. In this subsection we start the proof of Theorem 4.1. 
Due to overlapping intervals the summands involved in the definition of 
V(Z,g, p,r)f are asymptotically /c n -dependent variables, and we will use 
the (classical) block splitting method to ensure some "conditional" indepen- 
dence. Namely, we split the sum over i in the definition of V(Z,g,p)™ into 
big blocks of size mk n (m is an integer which will eventually go to oo) which 
are separated by small blocks of size k n . The big blocks become asymptot- 
ically conditionally independent, and the small blocks become negligible as 
m — > oo. In a second step we prove a CLT for big blocks, for any fixed m. 
We then obtain the result by standard methods. 

Here we fix the integer m > 2. Recalling (5.38), the ith block of size 
mk n contains <p(Z,g,p)" for all j between I(m,n,i) = (i — l)(m + l)k n and 
I(m,n,i) + mk n — 1. In a similar way, the ith block of size k n corresponds 
to indices j between I(m,n,i) = i{m + l)k n — k n and I(m,n,i) + k n — 1. 
The number of pairs of blocks which can be accommodated without us- 
ing data after time t is then i n (m,t) = fA^f" ]. The "real" times cor- 
responding to the beginnings of the ith big and small blocks are then 
t(m, n, i) = I(m, n, i)A n and t(m, n, i) = I(m, n, i)A n . 

At this stage, we need some more notation. The summands in V(Z,g,p)t 
are the <j>(Z,g,p)™, but we will indeed show that they can be replaced by 
^{.QiPyij [ see (5.38) for suitable choice of i]. This leads us to consider the 
partial sums (we drop the mention of p, but we keep the function g) 

mk n — l 

C(g,m)f= ^2 <j)(Z,g,p)] {mjni)+j , 

k n 1 

3=0 
mkn — 1 

3=0 
k n 1 

3=0 

in(m,t) 

U(g,m)?= ]T (ag,m)?-S(g,m)f), 

i=l 

in(m,t) 

U(g,m)?= (C(g,m)?-^g,m)?), 
i=i 
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[i/A„]-fe n 

U'(g,m)t = £ <KZ,g,p)?. 

i=i„(m,t)(m+i)kn 

Consider the discrete time nitrations .F(m)" = H n and T(m)f = 
J?}, . Observe that 8(q,m)^ is Tim) ? -measurable and 6(q,m)f is 

i(m,n,i+l) v ' l w /l 

J 7 (m)"-measurable, and set 
7(3, ro)? = E(5(g, m)? | ^(m)?^), 7(5, m)? = E(5( 5) m)? | ^(m)ti), 

i n (m,t) i„(m,t) 

D(g,m)?= £ 7(5, m)?, N(g,m)?= £ - 7(<7,™)?), 

i=l i=l 
i n (m,t) i n (m,t) 

D(g,m)?= -f(g,m)2, N(g,m)?= £ ^^i-^O- 

i=l i=l 
The key point is the following obvious relation, for any m > 1: 

F(Z, 9 ,p) t " = N(g,m)? + D(g,m)? + N(g,m)? + D(g,m)? 

(5.61) 

+ L%,m)? + C%,m) t n + E/ y (s,m)?; 

the contribution of the big blocks being N(g, m)™ + D{g, m)™, whereas N(g, 
m)t + D(g,m)t accounts for the small blocks, and U(g,m)t and U(g,m)t 
being asymptotically negligible, whereas U'(g,m)t is a border term. Note 
that D(g,m)f is a sort of drift which asymptotically cancels with the cen- 
tering term in (4.1). To be more specific, the leading term for the CLT is 
the martingale N(g,m)™, and we will eventually prove a CLT for it and the 
negligibility of the rest in the sense that 



e,t>0 => lim limsupP [swp\V(Z,g,p)g 

(5.62) 

_ A 3/4- P /4 iY(5;m) n |>£ 



Lemma 5.6. Under (SN-p) we have A n U'(g,m)f — >0asn— >oo. 

Proof. The variable U'(g,m)^ is the sum of at most (m + l)k n terms 
<f>(Z, g,p)2, all of them satisfying (5.45). Then the expectation of the absolute 

value of A^ 4 P ^U' (g,m)" is less than Km^knAf/ 4 which clearly goes to 0. 
□ 

Lemma 5.7. Under (SN-2p) we have, as n — ?■ 00, and for each fixed m, 
A^ /4 " p/4 C/( 5 , m) n "-^f 0, A 3 n /^U(g, m) n u ^ 0. 
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Proof. (1) The proofs of both claims are the same, and we prove, for 
example, the first one. With the notation rft = £(g, m)2 — S(g, m)™ and r^ n = 
E(?7" | F{m)2_i)-, we have 



U(g,m)? = U?> 1 + U?> 2 , 



where 



i n {m,i) i n (m,t) 

Ut' l = E u t' 2 = E ^- 

1=1 8=1 

Then we need to prove 

(5.63) A 3/4- P /4 un ,k uf$. Qj fc = ls 2. 

(2) By the inequalities of Doob and Cauchy-Schwarz, 

i n (m,t) 

e( sup |c/^ 1 | 2 )<4 E E (k n l 2 ) 



3<t 

— 1=1 



i n (m,t) mk n — 1 
i=l i=0 



<4mfc n E E ^mz,g,p)7 +j -H9,p) r i 



By (5.45) and Lemma 5.3, the right-hand side above, multiplied by A^ 2 p ^ 2 , 
goes to 0, so (5.63) for k = 1 follows. 

For (5.63) with k = 2, and by virtue of (5.38), and dropping g from the 
notation, we see that it is enough to show that, for all integers I between 
and p/2, we can find an AN array (5f ) (depending on I) such that 

o<j<mk n => iE((^ i r M (^ i ) , -c^) p - a e3! h ,) , iJ7)i 

When I =p/2 the second estimate (5.44) with u = 1 gives the result, but 
otherwise the first estimate (5.44) with u = 1 is not quite enough. Below 
we fix I between and p/2 — 1, and the result will be true if we have the 
following: 

(5.64) |E(i% \Jf)\ < KA^ +1 /*5? +j , 

where 

' (T^y-^Z^) 1 - (x2 +J Y), (called Case A), 

F ti = \ (xT +J ) / ((^ +i ) p - 2Z " Hj) p - % ), (called Case B), 

k {{Z2 +j Y- 21 - (Kj) p - 2l )(.(Z? +j Y - (X? d ) 1 ), Mled Case C), 
and where again (5f) is an AN array (perhaps different for each case). 
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In Cases A and C we have = when 1 = 0, and we have \E(F™j \ 

Ff)\ < KA?/ 4+1/2 when / > 1 [apply (5.39) and the second part of (5.44), 
plus the fact that T'(a,m + l)f < K, and the Cauchy-Schwarz inequality], 

hence (5.64) with 6? = A* /4 . 

(3) Now we consider Case B. Recall that Z^ + - =^ij + A"-; hence 

p-2l 

T?n \ s~iu /^iu,n f^iU,n (C n \l l-^ n \p—2l—u/^\n \u 

i,j ~ Z^/ P~ 21 i,j ' i,j ~ ) ) \ A i,j) 

u=l 

and we will prove (5.64) separately for each G™'™. For this, we begin with a 

decomposition of Xfj. Recall (5.2) and the boundedness of the coefficients. 

By (5.40) we have A" ■ = + ^ where, with the simplifying notation S = 
iA n and T = (i+j)A n , 

rT+u„ 

&j = J g n (s-(i + j)A n ) 

(b s - bf) ds+(^J S (b r dr + (a r - or?) dW r )^j dW^j , 

r-T+u„ 

= J 9n(s - (i + j)A n ) ds + a?{W s - W s ) dW s + (M s - M s ) dW s ) 

Then for v > 1 and j < mk n , we have 

EGO 1 / I F?) < K m , v A v n /2 (A v n /2 + r'(b,m+l)? + r'(a, m + l)?), 

(5.65) E(|^r | F?) < K mjV A v n /4+({1/2)A(vm , 
E(|A-/'|^)<^A^ 4+((1/2)A ^ /4 ». 

(4) Next we prove that, for u, an odd integer, 

(5.66) mw7 +j n^\JT)=o. 

We prove this separately for each of the three terms constituting . Since 
x i— )■ x u is an odd function, this is obvious for the term involving 6™ and also 
for the term involving af. For the term involving M, we have (Wf + j) u = 

Y + lI +Un PsdW s for some J^-measurable variable Y and process p adapted 
to the filtration (F^) generated by the Brownian motion. Since this term 
is a martingale increment we are left to prove E(Ut+ u „ \ Fs) = where 

U t = (£ Ps dW^j 9n{s - (i + j)A n )(M s - M s ) dW s ^j . 

Ito's formula yields U t = M[ + g n (s - (i + j)A n )p s {M s - M s ) ds for t > T 
where M' is a martingale with M' s = 0, so it is enough to prove that 

(5.67) E(p t (M t -M s )\Fs) = 0. 
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But for any fixed t > T we again have pt = Y( + L p' s dW s where Y( is im- 
measurable. Hence (5.67) follows from the orthogonality of W and M, and 
we have (5.66). 

(5) Now we use (5.39), (5.43) and (5.65), and the form of G™'™ as a product 
of three terms at the respective powers I, v = p — 21 — u and u. Then Holder's 
inequality with the respective exponents I' = 2p/l and v' = 4p/(p — 21 — u) 
[so 211' = vv' = Ap and (5.39) and (5.43) apply] and u' = 4p/(3p + u) yields 
E(|G"j™| | J?) < kA p/4+(W4)a(i/2«'))_ observing that (u/4) A (1/2?/) > 1/4 
when u > 2, we deduce that (5.64) holds for Gf^'j when u > 2. It remains to 
study G^'I 1 , which is the sum Gfj + G'fy, where 

rm _ \l r—n \p-2l-lcn Wn _ rein \l(-^n \p-2l-Xt'n 

By (5.39), (5.43) and (5.65), and by Holder's inequality as above, we get 



E(|G^.| | Jf) < KAP/ 4+1 / 4 (^ + ^T'(b, m + l)f + F(a, m + 1)?). 

Then by Lemma 5.3 we deduce that Gfj satisfies (5.64). 

(6) It remains to study G^"-, which is also G'^ = XX= 2 o _1 ^>-2Z-i a ( n ' 10 > *> 
where a(n,w,i,j) = (afWf +j ) p ~ 2l ~ 1 ~ w ^ j (2i + j)\Xi + j) w - By successive con- 
ditioning, (5.51) and (5.65) yield E(|a(n, tu,i, j)| | JJ 1 )) < KA p/4+1/2 when 
w is odd. When w is even, the same argument with (5.49), plus (5.66) and 
the fact that p — 21 — 1 — w is then odd yield 

\E(a(n, w, \TD\ = O u (A^ 4+1 /4( A y2 + r(a , 
and by Lemma 5.3, the proof is complete. □ 

Lemma 5.8. Under (SN-p) we have, as n— >oo, 

Ij-fAi-P/'Dig^-^m.m^ 2 f Ws\ p ds) 0, 
(A^/ 4 ^( 5 ,m)? - -l T m p (^(2))^ 2 /** K 

w, \ JO 



A ' 

1 

A 1 



r/.s 



it.c. 



(5.68) 

Proof. By (2.11), W(g)f +j is independent of JJ\ and AA(0,7/(2) n A n ). 

So by virtue of (2.6) and (2.10) we have E((W{g)? +j ) p | J 7 ™) = m p (%(2)) p / 2 A^ /4 + 

O u (A^ 4+1 ^ 2 ). Therefore by (5.60), the left-hand side of the first expression 
in (5.68) is smaller in absolute value than 

i n (m,t) rt 



K 



A l/4 



(m+l)/c n A n V] ki(m,n,i)| P - / K| P ds 
i=l ^ 



+ Kt(m + 1)A^ 4 
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i„(m,t) 

+ Kt(m + l)y/A^ ( r '(«. m )?Kn,i)+r , (/3(3),m)? Kriii) ). 

i=l 

The second term above goes to 0, as the last term (locally uniformly in t, in 
probability) by Lemma 5.3. The first term goes to locally uniformly in t in 
probability as well because of our Hypothesis (K) (see, e.g., [13]). Therefore 
the first assertion in (5.68) holds, and the second one is proved in the same 
way. □ 

Lemma 5.9. Under (SN-2p) we have for all to > 2 and t>0, 

\ s < t J TO 

Proof. By Doob's inequality, the left-hand side above is smaller than 

in(m,t) 

4A 3/2- P /2 £ E(( J (5)m)r) 2 )) 
i=l 

whereas (5.45) yields E((%, to)™) 2 ) < KA?/ 2 " 1 . Since i n (m,t) < Kt/my/Z^, 
we readily deduce the result. □ 

5.11. An auxiliary CLT. From what precedes, the leading processes for 
the behavior of V(g,p) n are the processes N(g,m) n , and here we prove a 
CLT for the vector (N(gi,m) n )i<i<d when to > 2 is fixed and (gi)i<i<d is a 
family of functions satisfying (2.7). We first complement the notation (3.13). 
For £, r\ 6 R and p > and to > 1 we set 

p/2 

^ P (9,h;v,0 = £ p P ,rP P ,r>(2( 2 g'(2)n2( 2 h'(2)) r \ 

r,r'=0 

(5.69) r r E / ((??L(ff)s + CjL / (ff)sr 2, (r?L( ^ + CL / (/i)t))P -2r' ds ^ ) 



J _° J ° 1 

P2p(g, h; rj, C) = —r(P2p(9, h; rj, () - m z n p (g; 77, C)v P (h; V, C))- 

^ TO + 1 J 

Exactly as in Lemma 3.5, the matrix with entries Ji^,(gi, gj',i], C) is symmetric 
nonnegative. 

Proposition 5.10. Assume (SN-Ap), and let to > 2. The sequence of 

d- dimensional processes with components A^ 4 p ^N(gi,m) converges stably 
in law to a process of the following form: 

d 



(5.70) ^i/2-p/2 £ jf 4>%(e* a ,a a ) dB'i 



Ki<d 
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where B is as in Theorem 4-1 and ip m is a measurable d x d matrix-valued 
function such that (^ m ^ m *)(?7, Q is the matrix with entries ~p2p(gi,gj',i]X), 
as defined by (5.69). 

We begin with a lemma, for which we use the notation V of Lemma 5.1. 

Lemma 5.11. Let m > 2 andsGT and i n = mm(i:I(m,n,i)A n > s). 
Then under (SN-Ap) we have the following almost sure convergences: 

Al/^Sig^t 

(5.71) 

-> mm p e 1+p / 2 g(2) p/2 Ws\ p = mO 1 ^ 2 ^(g; 9a s ,a s ), 

Ai- p / 2 E(S(g,m)2j(h,m)2 n | 

(5.72) 

-^e 2 -P^ p (g,h;0a s ,a s ). 

Proof. We set i' n = I(m,n,i n ) and s n = i' n A n , which converges to s. 
Both results are consequences of Lemma 5.1: first, by (5.60) with u = 1, 
(5.71) follows from 

(mkn— l \ 
£ \°s n W(g)l + /\T Sn \ ^mm p 9^/ 2 g(2) p/2 K\ p . 

(5.73) 

Then we apply Lemma 5.1 with d = 1 and q\ = g and with the functions 

f n (x,y,z) = — V] |x(j/£; n )| p , f(x,y,z) = \x(s)\ p ds, 

which satisfy (5.24) and f n —*f pointwise. The left-hand (right) side of 
(5.73) is equal to A l J 2 ~ p,A /k^ 2 " 1 times {6 l ~ p / 2 times) the left-hand (right) 
side of (5.25); hence (5.71) holds. 

For (5.72) we apply Lemma 5.1 with d = 2 and g\= g and g2 = h and the 
functions 

f n ((x,x'),(y,y'),(z,z')) 

P/ 2 mk n — l / / ■ \ / ■ \ \ p-2r 

r,r'=U 3:3 —v 



f{(x,x'),(y,y'),{z,z')) 
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p/2 

Pp,rPp,r' 

lQ JO 



E toPpf / / (x(s) + y(s)f- 2r (x'(t) + y'(t)) p - 2r ' 

r> JO JO 



r,r'=0 

\r J i 



x z(s) r z'(t) r dsdt, 

which satisfy (5.24) and f n —*f pointwise. The left-hand (right) side of 
(5.72) is equal to A\ p ^ 2 /k p ~ 2 times (9 2 ~ p times) the left-hand (right) side 
of (5.25); hence (5.72) holds. □ 

Proof of Proposition 5.10. (1) As is well known, and with the d- 

dimensional variables with components = A}/ 2 p ^(5(gk,m)™ — 7(</fc, wi)™) 
(which are martingale differences), it suffices to prove the following three 
convergences, for all t > and all bounded martingales N: 

_in(m,t) t 

(5.74) ^A n V m-'^fl^ti) Afl 1 "" Tj%,(gk,gr,e* a ,a a )d8, 

i=l J ° 

i n (m,t) 

(5.75) A n E WIVHWAO, 

i=l 

i n (m,t) 

(5.76) A 4 / 4 E ^(iV^+^-iV^^+^JI^m)^) Ao 

8=1 

(we use Theorem IX. 7.28 of [16], with Z being a bounded martingale of the 
form Z t = J u s dW s for some predictable process u with values in (0, 1]). 

(2) Equation (5.45) and Holder's inequality imply E(\5(gk, "i)"| 4 | J 7 (m)™_ 1 ) < 

K m An~ 2 . Then the expected value of the left-hand side of (5.75) is smaller 
than K m -\/A n , yielding (5.75). The proof of (5.74) is similar to the proof 
of Theorem 3.3. Set (f = E(^ n ' | T(m)^__ x ), and j s =Ji% i p (g k ,g l ;6a s ,a s ). 
Since LVA n — > 0, we need to show that 



in(m,t) , 

(m + l)k n A n V Cf -^(m + l)9 2 -P / 7s ds. 
i=i Jo 



Note that < K m . Then, as for Theorem 3.3, the above will follow from 
the fact that for any s G T, and with the notation i n of Lemma 5.11, we have 
[similar to (5.47)] 

(5.77) Q n ^e 2 - p ls a.s. 

Then (5.77) readily follows from Lemma 5.11 and (5.69), once observed that 
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(3) Now we turn to (5.76), which we prove for the first component, say 
with g = gi. For simplicity we write Df(Y) = Y i{m+2)lln - Y {i _ 1){m+2)Un for 
any process Y. In view of the definition of £™, and since TV is a martingale, 
it is enough to prove that 

i„(m,t) 

A 3/4- P /4 E(%,m)fL>r(^)I^Hti)^0. 
i=i 

Observe that (5.58) and (5.60) yield S(g, m)f = 5[ n + where 

mk„ — 1 

C= E (^rn,n,)W(9)l {m , n , )+J ) P , E(| *f | 2 | T(m)t i ) < * A^ 1 / 2 . 
i=o 

Since TV is bounded, E((Df (TV)) 2 ) ^ K and the Cauchy-Schwarz 

inequality yields 

(i„(m,t) \ / /i n (m,t) \ \ 1/2 

A 3/4- P /4 £ \^n mm \ < KA 3/4- P /4/ E / £ ( ^ )2 U 

Therefore it remains to prove that 

i„(m,t) 

(5.78) A?/ 4 "^ 4 £ E^^I^AO. 

«=i 

(4) Observe that, by E(|<5f | 2 ) < KA^ 2 " 1 and the Cauchy-Schwarz in- 
equality, 

in(ni,t) 

A 3/4- P /4 E(|eA n (^)l)<A'VE(iVf). 

i=l 

Then the set of all square-integrable martingales TV satisfying (5.78) is closed 
under L 2 -convergence, and thus for proving (5.78) we can use the following 
scheme: 

(a) Prove (5.78) when TV is (J^°^)-adapted and orthogonal to W . 

(b) Prove (5.78) when Nt = J * j s dW s where 7 is (J-^^-adapted and con- 
stant in time over intervals (tt_i,ti] with io = and t q = 00 for some q. 

(c) Conclude from the closeness proved before that (5.78) holds for all 

TV £ TV , the set of all bounded (J 7 ^) -martingales. 

(d) Prove (5.78) when TV is in the set M 1 of all martingales having TVoo = 
f(Xti, ■ ■ ■ iXt q ) where / is any Borel bounded on W 1 and t\ < ■ ■ ■ < t q and 
q>l. 
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(e) Since M° U M 1 is a total subset of the set of all square-integrable (J^)- 
martingales, conclude once more from the closeness that (5.78) holds for all 
such N. 

We are thus left to prove (a), (b) and (d), and for these we can reproduce 
Step 5 of the proof of Lemma 5.7 in [14]. □ 

5.12. Proof of Theorem 1^.1. By localization we may assume (SN-4p) 
and Hypothesis (SK). Then, upon applying Lemmas 5.6, 5.7, 5.8 and 5.9, 
we readily deduce (5.62) from (4.1) and (5.61). 

On the other hand, we fix the (i-dimensional Brownian motion B in (5.70) 
and (4.2) (the same in both). Proposition 5.10 yields, for each fixed m, that 
^3/4 p/ 4 jy^ m ) stably converges in law to the right-hand side of (5.70). 
Next, the following property is implicitly proved in the proof of Lemma 3.5 
in Section 5.3 (with T playing the role of m here): 

p2 P {g, h; rj, C) -> A«2p(ff 5 h; f], C) as m -> oo. 

Then we see that we can choose suitable versions for the square-roots ip and 
ip m in such a way that ip m (r], £) — > C) for all rj, (. Then (5.70) converges 
in probability toward (4.2). The result then follows from (5.62) in a standard 
way. 

5.13. Theorem 4-4 : A key decomposition. Here we startthe proof of The- 
orem 4.4, by providing a decomposition for the processes V*(g,p) n of (4.3). 
So we fix p > 3, and assume a cadlag. By localization we can and will assume 
(SN-2p) and Hypothesis (SK) without special mention. 

The choice of the exhausting sequence (T m ) in (4.6) is arbitrary, but a con- 
venient choice is as follows: for q > 1 we consider the successive jump times 
(T(q, m) : m > 1) of the Poisson process fi((0, t] x {z : 1/q < 7(2) < l/(q—l)}) 
where 7 is the function occurring in Hypothesis (SH). Those stopping times 
have pairwise disjoint graphs as m and q vary, and (T m ) m >i denotes any 
reordering of the double sequence (T(q,m) :q,m>l). We complete this se- 
quence by setting Tq = 0. 

Let P q be the set of all m > 1 such that T m = T{q' ,m') for some m! > 1 
and some q' < q. We consider the following processes [compare with (5.5)]: 

X q = (<51{ z:7 ( 2 )>i/g}) *jh Mi = (£l{* :7 (*)<i/ ff }) * (H~E), ] 

(5.79) X'i = X-Xi, X"o = X'i - Mi , > 
Z'l = X'l + x, z" q = x" q + x- J 

So X" q satisfies (2.14) with the same a as in (2.13) and a bounded drift 
given by 

(5.80) b q t =b t - [ 5{t,z)\{dz). 
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Here, X q is the sum of "big" jumps, and this is the part of X which es- 
sentially imports for our CLT: more precisely, we single out the summands 
in V(X, g,p, 0)™ which involve at least one jump of X q [after centering this 
is the process Y(q,g) defined below in (5.82)]. We obtain a CLT for these 
processes Y{q,g) in a relatively simple way, and then prove that the contri- 
bution of the other summands is negligible, when n and q are large (so the 
cut-off level 1/q for the "big" jumps is small). 

We denote by £l n (t,q) the set of all uj such that for any m,m' £ P q with 
T m (w) < t, we have 2u n < T m (oj) <t — 4u n , and \T m (oj) — T m >(oj)\ > 4ii„, 
and also T m (u>)/A n is not an integer. Since the set {T m :m £ P Q } is locally 
finite and P(T m = t) = for all m and t > 0, we have 

(5.81) Q n (t,q)— >Q a.s., as n — > oo. 

Next, we denote by V*(X, g,p) n the process defined by (4.3) to emphasize 

the dependency on X, and likewise we have V*(X lq ,g,p) n . Then a (rela- 
tively) simple computation shows the following key property which holds on 
the set Q n (t, q): 

V*(X,g,p)? = V*(X> q ,g,p)? + Y(q,g)?,Y(q,g)? 

(5.82) 

mdP q :T m <t 

where, with the random integer IJ^ = [T m /A n ], we have set 

C( q ,g) n m = -tLt ( EW(^ +W + g^x Tm f 

^■n Kn \ j=l 

-i^)?n + i-ii p -i^Ax Tm n 

+ (5(p)n-«p))|AX T A 

[Note that Z"i{g) r j n ■ possibly involves AfZ'(q) for negative integers /, al- 
though this does not occur on the set £l n (t,q) when m G P q and j < 2k n ; 
however, to have such variables defined everywhere, we make the convention 
A™y = for any process Y when i < 0.] 

5.14. The processes Y(q,g) n . The aim of this subsection is to prove the 
following proposition. 

Proposition 5.12. If q > 1 and t>0 are fixed, and in the same setting 

C-(s) 

as before, we have (with — > denoting the stable convergence in law) 

(5.83) (n^rw/-^^, 
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where U(p,q) is the d- dimensional process associated with the functions (gi) 
by (4-6), except that the sums are taken over me P q only. 

We start with the following lemma which describes the behavior of the 
variables (with m E P q ): 

-i k n 1 

(5.84) V ( q ,g)l = {9j) P ~ 1 Z i *(9)l«-j+v 

A n k n j = i 

The two key properties for the next lemma are the approximation (5.1) and 
the fact that the times T m are independent of W and with an absolutely 
continuous law. Recall that we have the family (<ft)i</<d of d weight functions 
with (U rn -,U m+ ,U m -,U m+ ) associated as before Theorem 4.4. 

Lemma 5.13. For any q > 1, the -valued variables (r)(q, 

9l)m)i<l<d,meP q converge stably in law, as n ->■ oo, to (ri m )meP q > where rj m 
is the d-dimensional variable given by 

(5.85) Vm = Vea Tm -U m - + V9a Tm U m+ + ^p^m- + ^U m+ . 

Proof. As is well known, it is enough to prove the result for any finite 
subset of m's, say in a finite subset PL of P q . Since q is fixed, we drop it from 
the notation, writing Z' = Z'«, Z" = Z"«, M = M q , X' = X"* and X" = X'"* . 

(1) The times (T m : m S P q ) are independent of W, and also of the restric- 
tion fi(q) of the Poisson measure /i to the set R+ x {z:^(z) < 1/q}. Hence 
if Tit = J'f V o~(T m : m G P q ), the process W is a Brownian motion and the 
measure fi(q) a Poisson measure with compensator v{q), the restriction of 
v_ to M + x {z:~/(z) <l/q} again, relative to the filtration (Tit)- Thus X" 
admits the same representation (2.14) and M has the same form (5.79) rela- 
tive to the two nitrations {J-tj and (Tit)- With the random integers 1^ being 
"%o- m easurable, we deduce from (5.3) and (5.39) and (5.4) for M together 
with \(gi) n (s)\ < K that, for v £ (0, 2p] and j E Z and i = I, . . . ,d, 

E(\A^ +j X"\ v )<K V!q Al /2 , 

(5.86) E(|M(^)?n + /) < K^, 

v/4 



n\X"{gi)\ +j \ v + \Z"( gi )% +j n < K v , q A v n > 



Now if / is a bounded function on R, arguments similar to the one giving 
(5.41) [relative to the filtration (Tit) and using that a is cadlag and bounded 
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and the drift b q is also bounded], we obtain that if 2 < k' n < 2k n 

/ i j y 



E 



j=0 



3=0 



(5.87) 



E 



= o M (A^ /4 ), 

£•' i-' 

""n ""n 

E fV/*n) A h+i x " - °*» E /07*») ^h +j w 

3=2 3=2 

= o u (A^ /4 ). 

Moreover ^4 n = X^=o fU/^n)A 1 } m _jM, say, can be written as 5 n * (fj,(q) — 
v_{q))T m — <5 n *(M<7) — hL(q))T m -2u n f° r some predictable function 5 n satisfying 
|<5 n (i,z)| < K'y(z). Then a well-known result (see, e.g., Lemma 5.12 of [13], 

used with 2u n instead of A n and r] = <Ju^, and relative to the filtration 

p 

[Ht)) says that A n /^/u^ — > 0. The same holds if we take the indices If + j 
instead of 1^ — j, and thus 

k' 

A « j=0 

(5.88) 



1 71 

-E/(jAn)A^ +J MA0. 



A 1/4 

j=2 



(2) We put for i > and any weight function g, 

G k)?- = it £ W 7// ; :• = ^-E {SjT~V' 



j=i+2 



3=1 



3=1 



G{g)t = E W -1 ^ G( 5 )r + = e 

j=i+l j=l 

Then a (tedious) computation shows that 

-i / k n 3 



3+i- 



A 



i=0 



fen 1 



G«A?„ +1 X' + E G(g)%.A?n. +i X' 



i=2 
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1 / 2 k n 1 \ 



A lfi k 

'-^n run 



i=0 i=l 



Moreover, if 



H-(g,t)= j\g( S )r^g( S -t)ds, 

H + (g,t)= f t {g( s )}P^ g ( s + t)ds, 
Jo 

H^g,t)=j\g(s)y- 1 g'(s-t)ds, 
H+( 9 ,t)= f t {g( S )}P^g>( S + t)ds, 

Jo 



we have 



G(g)i± = H ± (±,g) + O u (VA^), G( ff )r± = H± (±g\ + O u (y^). 

Using \G%\ < K and X' = M + X", (5.86), (5.87), (5.88) and (SN-2p), we 
deduce 

(5.89) r}(q,g)^ = a Tm „p(g) n m _ + a Tm p(g)? n+ + p(gZ l - + p{g)rn+ + op u (l), 
where 



L\ n i=0 \ n / 
Pfc = -IT? E (f 

P(5)m- = " -T74— E ^- ( f ^ ) X? a - 

A r / k n i=0 \ K n J 

A n 7 A; n i=1 V fc n. / 



p(g)l 



(3) At this stage, we use the same ideas as in Lemma 5.1. We denote 
by and ~p nii ± the d-dimensional variables with components p{gi) nx ± and 

p(9i)m±- First we ar S ue that ^ (0) G ^ (0) fixed - Under Q = Q(u; (0) , •) the vari- 
ables ~p ni _ and 7j^_)_ are independent from each other and also when m varies 
in Pp as soon as n is large enough [so that u/°) € Q n (pi ?)]■ Moreover, they are 
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sums, normalized by l/Al/^k n , of (approximately) k n centered independent 
variables with a bounded fourth moment, and their covariance matrices are 
(approximately again) a^ m _/6 and times Riemann approximations 

of the integrals defining \&p_ and *& p +, respectively. Then we prove exactly 
as for (5.26) (only the finite-dimensional convergence is needed here) that 
under Q, 



qm ,-n —n \ C( a Tm -^ W ) jf ^tJu^Vjj \ 
(5.90) [p m _,p m+ ) m€ p^ > I "y= Urn-, "y= Um.+ I 



[In fact we prove the convergence in (5.90) for each m first, and then we use 
the fact that the variables in the left-hand side are independent for different 
values of to, under Q, and as soon as ui^°> G £l n (t,q).] 

Second, exactly as for (5.33) [or as above for (5.90)], we get 



(5.9i) (p"_,/C+W' ^ (V9u m -,Veu, 



>meP' 



Then (U m ±, U m ±) are as described after (4.5), and as in Steps 2 and 4 of the 
proof of Lemma 5.1, we deduce from the convergences (5.90) under Q (w (0) ,-) 
and (5.91) under p(°), and from (5.89), that (p% l _,Pm + ,~p% l _, p^ + ) m gp' con- 
verges in law to (V9U m -, VdU m+ ,a Tm -U m -/y/0,a Tm U m+ /y/0) me p> [ . This 
convergence in law is indeed a stable convergence by the same argument 
used to obtain a similar result in [15]. Finally by (5.85) and (5.89) and the 
definition of the stable convergence in law, we obtain the claim. □ 

Proof of Proposition 5.12. With gi(p) n = Ya=i\9i^ / k n)\ p , we have 
\9i(p)n — k n g~i(p)\ < K by (2.10). Then, with the notation (5.84), a Taylor 
expansion and | AXx m | < K yield 

\C( q ,gi)^-p{AX Tm r- l v ( q , gi U 

If we apply (5.86) we see that the expectation of the sum in the right-hand 
side above is bounded (recall p > 3). Therefore Lemma 5.13 implies 

{((<l,9l)m)l<l<d,meP q ^— > {p{AX Tm } p - 1 r] m ) m£ p q 
and (5.83) readily follows. □ 

5.15. The processes V*(X' q ,g,p) n . The aim of this subsection is to prove 
the following proposition. 
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Proposition 5.14. Under the same assumptions as before, and for all 
e > 0, we have 

lim ]hnsapF(\V*(X' 9 ,g,p)?\ > e) = 0. 

The proof is based on the following easy property (g is fixed throughout): 

[t/A n ]-k„ 

v*(x>«,g, P )?=— jr - m?+mt, 

A n kn i=Q 

where 

k n — 1 

T(q)2 = \Z^(g)?\P - Ig^A^q), E(q) t = £ \AX'(q) t 
j=l s<t 

K f^ f N fg(p) n 
A l/ 



,s\ P , 



\R{q) n t \ < — ( E(g) t I ^ - ) + %k + (£(«), - E(«)t-*J ) • 



1 ?! 



Lemma 5.15. We can find a sequence r/ q going to as q^-oo, with 
the following property: for any q > 1 and i > 1 we have a decomposition 
T(q)f = T'(q)? + T"(q)? where bothT'(q)f andT"(q)™ are T^-measurable 
and 

E(\F'(q)f\)<K q A n A{P/4) +V q An / \' 

(5.92) E(T"(q)2 \ If) = 0, 

E(\F"(q)2\ 2 )<K q A n /2 + Vq A n . 

PROOF. (1) Let us fix i, q and n which will be left out in most notation 
below. We consider the filtration T' t =J r iA n +t, an d associated with this fil- 
tration the Brownian motion W[ = WiA n +t — W/a an< ^ ^he P°i sson random 
measure //((0, t] x A) = fi((iA n ,iA n + t] x A) whose compensator is still 
v. Recalling (5.80), we set b' t = +f , and observe that \b' t \ < Kq because 
bt is bounded and L z ,^(z)>i/q\ 2)|A((te) <qj ^ 2 (z)\{dz). With all this 
notation and (5.79), we have 

Kl n+ t = Kl n + I b' s ds+ /%^ + (5'l {7 < lM )*(^-^. 
Jo Jo 

Recalling g n in (5.4), we then set 

Y t = b' s g n (s)ds+ / <y' s gn{s)dW' s + {5'g n l {l < 1/q })-k(^-u)t 

(5.93) J ° J ° 

[t/An] 

- E ^Vi- 
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Then by (2.11) and (5.4) and (5.93), we see that Z'(g)f = Y Un . If we further 
set 

*t' = (l^0n| P l{7<l/«})*/^. 

we obtain = Efe'l^l^-SCg). Hence T(q)f = \Y u Jp - Y^. 

For simplicity of notation we write f(x) = \x\ p which is C 2 (recall p > 3), 
and we associate the functions 

F(x, y) = f(x + y)- f(x) - f'(x)y, 
G(x,y) = f(x + y)-f(x)-f(y), 
H(x,y) = F(x,y) - f(y), 
which clearly satisfy 

\F(x,y)\<K(\y\P + y 2 \x\P- 2 ), 
(5.94) \G(x,y)\ < K(\x\\y\P- 1 + \yWx\P~ 1 ), 

\H{x,y)\<K(\x\\y\P- l +y 2 \x\P- 2 ). 

Then we apply Ito's formula and use (5.93) to obtain 

\Y t \P-Y{ = A t + A' t + N t + Nl, 



where 



[t/A n ] 



M = \ a s ds, A[= F(Y j * a --<fi l X? +j -i), 

J ° 3=1 

a t = f'(Y t )g n (t)b' t + ^f"{Y t )g n (t) 2 a' 2 



+ / H(Y t ,g n {t)6'(t,z))X(dz) 

J{z:j(z)<l/q} 

and Nt is a martingale with angle bracket C = (N, N) given by 

C t = c s ds, 
Jo 

c t = f'(Y t ) 2 g n {t) 2 a' 2 + [ G(Y t ,g n (t)5'(t,z)) 2 X(dz) 

J{z: 7 (z)<l/q} 

and, finally, 



[t/A n ] 
3=1 
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which is another martingale (because the xt' s are centered) with square 
bracket, 

[t/A n ] 

C' t :=[N',N'] t = £ f'iY^.figffix^f. 
(2) The decomposition r(q)f = T'(q)2 + T"(q)f is given by 

r'C?)? = 4„ + r"(«)? = jv«„ + 

The -measur ability of T'(q)2 and r"^)™ is obvious, as is the second 

part of (5.92). The rest of (5.92) will readily follow if we can find a sequence 
rjg — > such that 



n ■ 



E(|AJ)<i^Ar (p/4) +^ /4 , E(KJ)<A^A 
E(C Un )<K q A 3 n /2 + i h A n , E(C' u J<K q A 3 n /2 + ri g A n .j 

For this we need moment estimates for Yj as defined by (5.93). Re- 
call \b'\ < Kq and \a'\ < K and \g n \ < K and |5(-,^)| < 7(2) whereas 77^ = 
/{z- 7(z)<l/g} 7( z ) 2 -^(^ z ) S oes t° as q^-oo. In view of (SN-2p) and since 
\g'j n \ < K-J A n , and using the Burkholder-Davis-Gundy inequality for the 
martingale which is the last term in (5.93), we see that for all r £ (0, 2p], 



(5.96) E(|*tD < ^9 r t r + Kt r/2 + tf^i 1A ( r 



/2) 



By f(x) = \x\ p and (5.94), plus p > 3, we see that |o t | < i^T(g|lt l^ -1 + |l^| p ^ 2 + 
rf q \Y t \). Therefore (5.96) yields E(|ot|) < KqH 1A( P/ 2 -^ + Krj'gt 1 / 2 . In a simi- 
lar way c t < K\Y t \ 2p - 2 + Krj' g Y t 2 ; hence E(c t ) < K(q 2p ~ 2 t 2 + 77^). Then the 
estimate for A Un and C Un in (5.95) follows upon taking r] q = K-q' for a -fT 
large enough. 

For the same reasons, plus (SN-2p), the jth summand in the defini- 
tion of A' t has an expectation smaller than KA^ 2 + K A n (q p ~ 2 (j A n ) p ~ 2 + 
(jA n ) P//2_1 + rjq(j A n )) whereas the jth summand in the expression for C[ has 
an expectation smaller than K A n (q 2p - 2 (j A„) 2p_2 + (jA n ) p_1 + r)' q (jA n )). 
The two other estimates in (5.95) follow. □ 

Proof of Proposition 5.14. In view of (2.10) and of the fact that 

IP 

E(£(g) s+U — T,(q) s ) < K q u, we deduce that R(q)t — > for all q. Hence it 
remains to prove that 



(5.97) lim limsupl 

<?->oo n 



A lfi k 



[t/A„]-fc„ 
i=0 



>e =0. 
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We set, with t fixed and the notation of the previous lemma, 

[t/ A n ] -fen [t/A„]-fe„ 

L '^ = TTjir E r '(^> L "^ = ^jir E r "(s)r- 

The first property in (5.92) yields E(\L'(q) n \) < Ai 1/4)A(p/4 ~ 3/4) + Vq ; 
hence since p > 3, 

lim limsupE(|L' |) = 0. 
Next, the properties of T"(q)2 in the Lemma 5.15 imply that |E(r" (q)fT" (q)™) 

3/2 

vanishes when \j — i\ > k n , and, otherwise, is smaller than K q An + i] q A n . 
Hence E((L'^) 2 ) < K q A l J 2 + rj q , which yields 

lim limsupE(|L"| 2 ) = 0. 

g-s>oo n 

Putting these two results together immediately yields (5.97). □ 

5.16. Proof of Theorem 4-4- We start with the first claim, which easily 

follows from what precedes. The family (gi) of weight functions is fixed. Since 

F 

U(p, q)t — > U (p)t as q — > oo, the result is a trivial consequence of (5.82) and 
Propositions 5.12 and 5.14. 

Next, we show that the second claim can be reduced to the first claim. We 
take p > 4, an even integer, and it is enough to prove that -^ji — (y*(g,p) n — 



V*(g,p) n ) ^0 for any weight function g. To see this we observe that the 

difference V*(g,p)f — V*(g,p)f is a linear combination of the processes (we 
omit to mention the function g below) 



[i/A n ]-fc„ 

for r = l,...,p/2. So it enough to prove that, for some p > 3/4 and all 
r = l,...,p/2, 

(5.98) E((Z?y- 2r (Z?) r ) < KA p n . 

Hypothesis (SK) yields E(\A?X\ V \ J*_ x ) < KA ( n A2)/2 and (SN-4p) holds, 
so when i> > 1 we have 

E(|X,T I Jf) < K V A^ A ^ 2 \ E(|X™r | Jf) < K v A l + v ' 2 , 
^■"K<2p => El 



^f^XA^x 



\ <K V A V J 2 +^ A1 . 



G2 
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Now (Zf) p 2r (Z™) r is a linear combination of terms of the form 

a( U , v, w, s, *)? = mnxrrm w (x7) 




where u, v, w, s, t are integers with u + w = p — 2r and v + s + t = r. Using 
Holder's inequality, and taking advantage of (5.99) and of E(|x™|') < K r A l J^ 

and E(|x?|') < K r Al( 2 , we see that for all u', v', w', s', t' > such that v! + 
v' + w' + s' + t 1 = 1 and u' = (resp., v' = 0, w' = 0, s' = 0, if = 0) if and only 
if u = (resp., v = 0, w = 0, s = 0, i = 0), and also ^ V |f V p- < 2p (which is 
possible because w + 2s + 1 < p), we have E(|a(u, v, w, s, t)f\) < KAn where 

u u' . v w s t . t 

P=- 4 ^+v'l v>0 + - + 1 + - + - + t>A- 

r w u u' , , t 

Then p > 3/4 as soon as r > 2, or r = 1 and u> > 1. The only other case is 
r = 1 and w = 0, sou = p — 2>2 and we have 

1 u' . . t 

P=2 + -2+ vl v>o+t 'A-. 

Then we have three sub-cases: 

(1) u = 1, hence t = t' = s = s' = w' = and p = 1 ~y L + ?/ with the condi- 
tion u' + v' = 1, so n' = u' = 1/2 yields p > 3/4; 

(2) s = 1, hence t = t' = v = v' = w' = and /> = with the conditions 
u' + s' = 1 and s'p > 1, so s' = 1/3 yields /O > 3/4; 

(3) t = l, hence t> = v' = s = s' = w' = and p=\ + ^ + t' f\ \ with the 
condition v! + t'll and 2t'p > 1, so v! = i 7 = 1/2 yield p > 3/4. 

Hence in all cases (5.98) holds with some p > 3/4, and the proof is com- 
plete. 

5.17. Proof of Theorem 4-6- Here again the proof will be divided into 
several steps, and before proceeding we observe two preliminary facts. First, 
that 714(5,5;^, C) takes the form (4.9) results from a tedious but elementary 
calculation. Second, by localization we may assume (SN-4) and Hypothesis 
(SH). 

We omit the mention of the function g in Y™ and Y™. We generally use the 
notation of the proof of Theorem 4.4, and in particular the stopping times 
T(q,m) and T m introduced in Section 5.13, the processes of (5.79), the sets 
£l n (t,q) satisfying (5.81) and the (random) integers 1^. In the sequel, we will 
vary the process X (but not the noise process x)-, so the process V n of (4.7) 
will be denoted by V(X) n . We also write U'{a) t and U(2,a, 5)t for the two 
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terms in (4.8), and U(a,5)t for their sum, to emphasize their dependency on 
the process a and the function 5 (through the jumps of X, for the latter). 

Step 1. In this step we prove the result when, in addition to Hypothesis 
(SH), we have 

(5.100) j(z)<l/q => 6(u,t,z) = 0, 



b' s = b 

(5.101) 



/ <y(t,x)l { | S ( V)j; )|<i}A(dz) = ^6 s? .l [5riSr+l) (t), 



r>l 



r>l 

for some q > 1 and a sequence of stopping times S r , increasing to oo and 
with So = 0. 

(1) Under (5.100) and (5.101) we have X? = Y^ s < t A^ s , and X' = X'i is 
the continuous process given by the right-hand side of (2.14) with b' instead 
of b. Similarly to (5.82), we have on Q n (t,q), 

V(X)? = V(X')? + Y t n -±Y{ n , 



In 

m J 



^ h n 1 



£ = 71747- E(l^' + ^ + i-i + ^ A ^ 



(5.102) 



A 1 / 4 *- V " 



l(^ + A) 7 . +1 _/-|^AX Tm | 2 ) 
+ (^(2) n -A: n 5(2))|AX Tm | 2 



C = E(5f) 2 ((AX Tm ) 2 + 2AX Tm A?„ +w (X' + x )). 

Let (l~Lt) be the filtration defined in the proof of Lemma 5.13 and associated 
with our q. The same argument used in that lemma shows E(|A?„ ,-t_AX' + 
x)\ I ^o) < K whereas |AXr m | < K by Hypothesis (SH). It follows that 
E(|C|)<i^ /4 ; hence 

(5.103) y/ n Ao. 

£-(s) 

(2) Next we prove the (functional) stable convergence V(X') n — > U'(a). 
This looks the same as Theorem 4.1 for p = 2, however we do not have Hy- 
pothesis (K) here. Now a look at the proof of this theorem shows that Hy- 
pothesis (K) [instead of Hypothesis (H)] is used in two places only, namely 
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for (5.63) for k = 2, and in Lemma 5.8. Here, the proof of Lemma 5.8 pro- 
ceeds in an obvious way under (5.101), and we are left to show that (5.63) 
holds when k = 2. 

The variable aT~ P,2 U?> 2 for p = 2 is the sum ET=S~' ®lr 

where 

0& = Ay 4 E(0(X' + X ,9,2)l(m,n,i), j ~ H9,2)l(m,n,i)+j I H™)tl)- 

Let J n be the set of all i such that (i — l)(m + l)u n < S r < imu n for some 
r > 1 (the indices of those "big blocks" that contain at least one S r ), and 
consider the two processes 

mk n ~l mkn — 1 

^ = E E e lv A ?= E E e lr 

ie{l,...,in(m,t)}nJ n 3=0 ie{l,...,i„{m,t)}r\JZ j=o 

Applying (5.45) with u = 1 [recall (SN-4)], we obtain E(|6»^|) < KA 3 n /A . 

Therefore E(sup s<tA 5 r \A™\) is obviously smaller than KrAl/ 4 and, since 

S r — > oo as r — > oo, we deduce A n — V 0, and it remains to prove the same 
for A' n . 

For this, and reproducing the proof of Lemma 5.7, we observe that Hy- 
pothesis (K) comes in only to decompose the variables X i+ j as £™ + . We 
easily deduce from (5.101) that when i ^ J n such a decomposition holds with 
= and ^™ = b' iAn A n . Then the original proof goes through to show that 
A m u _f^' 0) and thus ( 5 63 ) for k = 2 ho id s here. 
C-(s) 

(3) We have y(X') n — > U'(a) from what precedes, and this gives the 
result (functional stable convergence in law) when X is continuous, in ad- 
dition to satisfying (5.101). When X has jumps, the proof of Proposition 

5.12 is valid when p = 2 (it only supposes the C 2 property of x \— > \x\ p ), so 
C— (s) 

Y t n — > U(2,a,5)t (for t fixed, not functional convergence). 

Now, exactly as in the proof of Lemma 5.8 in [13], one can show that 
we have the joint stable convergence in law in Proposition 5.10 and Lemma 

5.13 which results in the joint convergence 

{V{X>)^Y?) C ^ (U>{a) u U(2,a,5) t ). 

Then we easily deduce from (5.81), (5.102) and (5.103) that V(X)f C -H' 
U(a,S) t . 

Step 2. We turn to the general case, and we begin by constructing an 
approximation of X satisfying (5.100) and (5.101). 

For q > 1 we recall the process b q of (5.80). If further r > 1 we denote 
by S(q,r) r the strictly increasing rearrangement of the points in the set 
{k2~ r : k > 0} U {T(q, m) :m> 1}. By a classical density argument there are 
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adapted processes b(q,r) and cr(q,r) with the following properties: they are 
bounded by the same bounds as b q and a, respectively, constant over each 
interval [(k — l)2 _r , k2~ r ) for b(q,r) and each interval [S(q, r)k-i, S(q, r) q ) 
for a and such that for all q,m> 1 and t > 0, 

-t 



(5.104) r^oo 



E 



(\b(q,r) s -b^ 
+ |cr(g,r) s - a s \ 2 )ds 



) ^T(q,m) — ^ ^T(q,m) — ) 



0. 



(we use here the cadlag property of a). Next, we introduce the following 
family of processes: 

X(q,r) t =X + J b(q,r) s ds + J cr(q,r) s dW s + (51{ 7 >i/ ? }) * M, 
(5.105) X'(g,r)* = X t -l(g,r)i 

= / (6f-6(?^) S )^+ f (a s -a(q,r) s )dW s +M? 
Jo Jo 

[here M q is given by (5.79)]. Finally, another notation will be 



e(q,r)? = E 



iA n +u n 



(\b(q,r) s -bi\ 2 + \a(q,r) s -a s \ 2 )ds\, 
-y(z) 2 \(dz). 

<{z:-y(z)<l/q} 

By construction X(q,r) satisfies (5.100) and (5.101), so Step 1 gives 

£-(«)■ 



V(X(q,r))l 



U(a(q,r),5(q)) t 



for any t and g,r > 1, and where 5(q)(uj,t,z) = 6(cj, t, z)l{j(z)>i/q} > an d the 
convergence even holds in the functional sense when X is continuous. 

Note that, since a and a(q,r) and a are uniformly bounded and the 
function ~fi A in (4.9) is locally Lipschitz in (77, C)i we have 

E(sup|C/ , (a) s -[/ , ((j(g,r)) s | 2 ) <KE^ |<r s -<x(<z,r) s | 2 ds) <Ke(q,r) t . 

On the other hand, since 5(q) is bounded, it follows from (4.6) that 
E(sup\U(2,a,6(q)) s - U(2,a(q,r),S(q)) s \ 2 



< KE 



f ^ l°T( 9 ,m)- - c(9> r )T( g ,m)- | 2 l{T(g,m)<t} j ) 
\n>l ' 
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which goes to as r — > oo by (5.104). Furthermore, 

E(sup|C/(2, a, 6(q)) s - U(2, a, 6) s \ 2 ) < KE ( £ | AX S \% AXs \< 1/q} ) , 

which goes to as q— > oo. Summarizing those results, we end up with 



lim limsupE sup |[/(<7, <5) s - U(a(q,r),5(q)) s \ 2 ) =0. 

Therefore, in order to get our theorem it remains to prove that for all t, r/ > 
we have, where C refers to the case, X is continuous and D to the general 
(discontinuous) case, 

C: lim limsuplimsupP(sup|F(X(g,r))"-F(X)™| > rj) =0, 

(5 106) <J->oo j.—s.qo n~>oo ^ s<t ' 

D: lim limsuplimsupP(|F(X(g,r))f-F(X)^| >r?)=0. 

9^°° r->oo n— >oo 

Step 3. If Z(q,r) =X(q,r) + x, we have 
<KZ,g,2)?-<l>(Z(q,r),g,2)? 

= (X™) 2 - (Xfijft f + 2x?(X? ~ Xfcr)?) ~ \v?, 
v i = E(#) 2 (( A "+i^) 2 - {^X(q,r)f 

3=1 

+ 2A? +jX (A? +j X-A? +j X(q,r))). 

Therefore 

V{X)f - V(X(q, r))^ = G\q, r)? + G 2 (q, r) t » - 

where 

[t/A n ]-fc n 
/ [t/A n ]~k„ 

G\q,r)? = - [ j-A- Yl m) 2 -(X(q,r)ff) 



g(2)([X,X] t -[X(q,r),X(q,r)] t 



2 [t/A n ]-fc 



k n A n j_Q 
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G7 



We obviously have E(|u 4 n |) < KA n , so V n 
we are left to prove for I = 1, 2, 



u.c.p. 



0. Therefore, instead of (5.106), 



(5.107) 



C: lim lim sup lim sup P( sup\G l (q, r)™| > r/ 

q— ¥oo r _ >00 n— >oo V s<t 

D: lim limsuplimsupP(|G'(g, r)"| > rf) = 0. 



S^ep 4. We begin by proving (5.107) for I = 2. We split the sum in the 
definition of G 2 (q, r)™ into two parts: G 3 (q, r)" is the sum over those Vs such 
that the fractional part of i/2k n is in [0, 1/2), and G 4 (q,r)? which is the sum 
when the fractional part is in [1/2, 1), so it enough to show (5.107) for I = 3 
and I = 4, and we will do it for I = 3 only. We have 

G 3 (g,r)?= J J2((q,r)?, 

3=0 

{2jk n +k n -l)A([t/A n ]-k n ) 
K n L ^n i=2jk n 



X?(X?-X(q,r)?), 



where J n is the integer part of ([t/A n ] + 1 — 2k n )/2k n [J n depends on t, and 
all C(Q , ) r )j have k n summands, except the J n th one which may have less]. 
Note that ((q^)™ is J r ^ +1 - )fcn -measurable, and by successive conditioning 

we have K(£(q, r)" | J 7 ^^) = 0. Therefore by a martingale argument (5.107) 
will follow if we prove 



(5.108) 



fj{n,t) \ 

lim lim sup lim sup E [ N |C(9) r )?| 2 I = 0- 
, 3=0 / 



r— >oo n—>-oo 



Now, recall (5.105) and (5.100). Then, by (5.4) and standard estimates, 
plus (5.104) and the Cauchy-Schwarz inequality, plus (5.3) and successive 
conditioning, we get 

nmfm-Xj^r)^) 2 ) < KAl/ 2 (e(q,r)f + u n e q ) 

and so the expectation in (5.108) is smaller than K(e(q,r)t + e g ). Hence 
(5.108) holds. 

Step 5. Now we turn to I = 1 in (5.107). We write G 1 {q,r)f = G 5 (g,r)™ + 
G 6 (q,r)f where, with the notation A(q,r) = [X,X] — [X(q,r),X(q,r)], 

[t/A n ]-k n 



G 5 (g,r)™ 



i=0 



k A 1/4 



(X?y-(X(q,r 

iA„+u„ 
iA„ 



~n\2 



g n (s - iA n ) 2 dA(q,r), 
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[t/A n ]-k n riAn+Un 



A n y n j_Q ^iA n 

-g(2)A(q,r)ij. 

In this step we prove that G e (q,r) n satisfies (5.107). A simple calculation 
shows that [recall the notation g(2) n of (2.8)] 

G 6 (q, r)? = ^71^ " 5(2)) dA(q, r) s + v(q, r)?, 

where because of (2.10) the remainder term v(q,r)^ satisfies with A'(g,r) 
being the variation process of A(q,r), 

\v(q,r)?\<^(A'(q,r) Un + (A'(q,r) t -A'(q,r) t - 2Un )). 

In the continuous Case C, we have A'(q, r) s+Un — A'(q,r) s < Ku n , hence 
su Ps<t \ v {l^ r )s \ ^ KaH A . In the discontinuous Case D we only have K(A'(q, 
r) s+Un — A'(q, r) s ) < Ku n so that v(q, r)™ — > as n — > oo. Then if we apply 
(2.10) we obtain (5.107) for / = 6. 

Step 6. It remains to prove (5.107) for / = 5. For this we use (5.4) again and 
Ito's formula to get, with Y™' 1 = g n {s — iA n ) dY s for any semimartingale 
Y and for t > iA n , 

riA n +u n 

(X?) 2 - g n (s-iA n ) 2 d[X,X] s 

J iA n 

/■iA n +U„ 

= 2 / Xy 9n {s - iA n M ds + a s dW s ) 

J iA n 

riA n +u n 

+ 2 X^dM q s 

J iA n 
riA n +u n r 

+ 2 1 j X^g n (s-iA n )6(s,z)[M(ds,dz) 

JiAn J{-y(z)>l/q} 

and a similar expression with (X, b q , a, 5) substituted with (X(q,r),b(q,r), 
a(q,r),5(q)), so the second term on the right-hand side above vanishes in 
this case [remember the last part of (5.105)]. Therefore, 

2 6 
k n A n j = i 
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where, using (5.80) and with the notation I(n,i) = (iA n ,iA n + u n ], we have 

V(q,r,l)7= [ X'{q,r) n /g n {s-iA n )ds(b s + f S(s,z)\(dz) 
Jl(n,i) \ J{\S{s,z)\>l} 



r,(q,r,2)2= / X(q, r)? l g n (s - iA n M - b(q, r) s ) ds, 

Jl(n,i) 



V (q,r,3)2= [ X'(q,r)r 9n (s-iA n )a s dW s , 

JI(n,i) 

r)(q, r, 4)? = / X(q, r) n /g n {s - iA n )(a s - a(q, r) s ) dW s , 

Jl(n,i) 

V(q,r,5)?= [ X^g n (s-iA n )dMI, 

Jl(n,i) 

V(q, r ,6)i = / X'(q,r)^g n (s-iA n )5(s,z)(fi-i/)(ds,dz). 

Jl(n,i) Jy(z)>l/q 

Therefore, since rj(q, r,j)f for j = 3, 4, 5, 6 are martingale increments, (5.107) 
for / = 5 will follow if we prove that for all t > 0, and as m — > oo, 

J = 1,2 

(5.109) 

/[t/A„]-fc n \ 
lim lim sup lim sup Ay 4 E I V] \r)(q> r > j)? I ) ->• °j 

q— ¥oo r _ s . 00 n— >oo \ / 

.7 = 3,4,5,6 

(5.110) 

/[t/A n ]-k n \ 
lim lim sup lim sup A l J 2 E |ry(g, r, j)?| 2 — >• 0. 

q— >oo ~ . — ~ > — I ^ — ' / 



r— >oo n— too 



\ i- 



Then, standard estimates yield for s £ I(n,i) and p > 2 [recall + 
\b(q,r) t \<Kq], 



E ( S up\X>(q,r)r\ 2 ) <K{e{q^ + A l J 2 e q ), 
E( S np\X( q ,rpr) < K p (q p AP/ 2 + A}/ 2 ), 



t<s 



E suplAT'? )<KA]I 2 



and it follows that, since |<7 n | < K and £{q,r)™ < K and e q < K and 
/ |<5(s,z)|A(dz) < f~f(z) 2 \(dz) <oo, 



TO 
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j = l,2 E(|r ? (g,r, J XI)<^An /2 (^ e ^ r )" + A n /4 ^) 

j = 3,4,5,6 E(|r ? (g,r,j)"| 2 )<^Ay 2 (g 2 A3/ 4 + e (g,r)™ + Ay%). 



Since e(q, r) — > as r — > oo, for each q, whereas e q — > as q — > oo. Therefore 
we readily obtain (5.109) and (5.110), and the proof is finished. 
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